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Alina Chertock, Christo I. Christov, and Alexander Kurganov

Abstract. We develop a new accurate and robust numerical method for the Boussi-
nesq paradigm equation (BPE). To design the method we first introduce a change
of variables, for which the BPE takes the form of a nonlinear wave equation with
the global pressure, and rewrite the wave equation as a system of conservation laws
with a global flux. We then apply a Godunov-type central-upwind scheme together
with an efficient FFT-based elliptic solver to the resulting system. Making use of the
new scheme, we investigate the propagation of one- and two-dimensional solitary
waves of BPE and identify their solitonic behaviour.

1 Introduction

One of the most important events in mathematical physics was the discovery in the
1960s [[16] that the nonlinear waves can behave as particles. The localized waves
which can retain their identity during interaction appear to be a very adequate
model for particles, especially if some mechanical quantities (such as mass, momen-
tum, energy) are conserved by the governing system of equations. In the case when
the system has an infinite number of conservation laws, the “permanent” localized
waves are called solitons. In the past five decades, a multitude of deep mathematical
results were obtained for solitons, and a plethora of analytical solutions found for
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systems of interacting solitons. As it should have been expected, most of the physi-
cal systems are not fully integrable, and for them (even in one space dimension) only
numerical approaches can lead to unearthing the pertinent physical mechanisms of
the interactions (see, e.g., [4} 6] and references therein).

The overwhelming majority of the analytical and numerical results obtained
so far are for the one-dimensional (1-D) case, while in the multiple number of
space dimensions, much less can be achieved analytically, and almost nothing is
known about the unsteady solutions that involve interactions, especially when full-
fledged Boussinesq equations are involved. In the case when one of the fourth-
order spatial derivatives can be neglected (the Kadomtsev-Petviashvili equation),
two-dimensional (2-D) waves have been found. Being periodic in one of the spatial
dimensions, the latter are not truly 2-D waves, localized in both direction. Thus the
problem for the Boussinesq equation with fourth-order derivatives in both spatial
directions, still awaits it solution.

The difficulties in the multidimensional cases are connected with the unbound-
edness of the region, and with the slow decay of the solution at infinity. For this
reason, the first case to undergo investigation is when the wave profile is station-
ary in a frame moving with a prescribed phase speed. The shape of the stationary
moving wave was reliably computed in [2]] using a specialized Galerkin spectral
technique, which showed that the decay at infinity is algebraic rather than exponen-
tial. A perturbation technique recently developed in [5]] confirmed the findings of
[2] and put the stationary problem on more rigorous analytical ground.

Upgrading the numerical approach to the unsteady 2-D case is non-trivial, and
several different techniques are to be developed, in order to obtain reliable descrip-
tion of the mechanics and physics of the processes involved. The essential properties
of the numerical method in this case is to be very efficient computationally, because
of the sheer size of the problem: the computational box must be large enough to
allow for a good approximation of the localized solution, and the grid must be fine
enough to reduce the truncation error. The conservative schemes used in [4} 6] (and
in the works of other authors) are not easily extended to 2-D cases, and require an
excessive amount of computational time.

The purpose of the present paper is to apply the “machinery” of modern finite
volume methods, Godunov-type central-upwind schemes [8, 9, [11} [13]], to the BPE
and to numerically study their solitary wave solutions.

We first outline the scheme for the 1-D BPE and then proceed to trace the evolu-
tion of a 2-D profile described in [3]]. This is the first and utmost verification of the
“solitonic” properties of the 2-D shapes, before they can be used in computations
aimed at the investigation of their collision properties.

2 Boussinesq Paradigm Equation

When Boussinesq derived his famous equation [1]], he demonstrated that the nonlin-
earity can balance dispersion and lead to the existence of waves of permanent shape
that propagate in quite similar fashion as the profiles of the d’ Alembert solution of
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the wave equation. Unfortunately, Boussinesq did some additional (and as it turns
out) unnecessary assumptions, which rendered his equation incorrect in the sense of
Hadamard. An overview of the different Boussinesq equations can be found in [6]
(see also references therein). The accurate derivation of the Boussinesq system can
be found, e.g., in [4]. In nutshell, Boussinesq’s’s Boussinesq Equation (BBE) lacks
the mixed fourth derivative, which was the cause of it incorrectness. In order to dis-
tinguish the equation to which a consistent application of Boussinesq idea would
have led, the latter is called Boussinesq Paradigm Equation (BPE). The essential
mathematical difference between BBE and BPE is that the former is fully integrable
(although incorrect) and the latter is not (although, it is the physically pertinent and
mathematically correct model). The BPE furnishes one of those examples, which
necessitates an efficient numerical treatment as a precondition for a deeper physical
understanding of the problem.
The BPE is a 2-D amplitude equation:

wy = A [W*O(Werﬁ]th*ﬁzAW] ) (D

where w is the surface elevation, 1,3, > 0 are two dispersion coefficients, and o
is an amplitude parameter. As it has been already mentioned, the main difference
between equation [[land the BBE is that now f3; # 0.

It has been recently shown in [2} 5] that the 2-D BPE admits stationary soliton
solutions as well. Even though no analytical formula for these solutions is available,
they can be accurately constructed using either a perturbation or a Galerkin spectral
method. However, the stability of the 2-D solitons has still been an open problem,
and will be addressed in the present work.

The situation is much more amenable with the 1-D BPE:

Wy = [W — o + Brwy — ﬁszx]xx7 (2)

for which it has been shown (see [4] for references) that it admits a one-parameter
family of soliton solutions given by

3c2-1 x—ct | 2—1
S(x.foc) = — h2( ) 3
w(x,t:¢) y o €€ ) \/BICZ_BZ ) (3)

where ¢ is the phase speed of the stationary propagating 1-D localized wave. Al-
though, equationlis not fully integrable, the extensive numerical investigation from
[6] based on a conservative difference scheme, succeeded to show that in its main
aspects, it behaves as its fully integrable “cousin”, the BBE. Note that a solution
of the above type exists for |c| > max{1,1/B2/Bi} or |c| < min{1,\/B>/B1}. The
first case comprises of the so-called “supercritical” solitons, while the latter encom-
passes the “subcritical” ones. In the latter case, the physically relevant phase speeds
are those that are significantly smaller than the threshold min{1, \/B./p1}, because
close to it, the soliton support becomes very short, and the main Boussinesq as-
sumption about waves being long is violated. Moreover, it was shown in [3 4] that
the subcritical solitons are less stable and tend not to preserve their shape upon
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collisions. For this reason, in the present parer, which is devoted to the develop-
ment of a new numerical approach, we consider the supercritical shapes in 1-D,
which exhibit remarkable stability as their identity is preserved through nonlinear
interactions.

The goal of this paper is to develop an efficient and accurate numerical method
for the 1-D and 2-D BPEs as well as to numerically study the stability and other
properties of their soliton solutions. Our numerical method is designed in several
steps. First, we introduce a new variable p :=w— Bjwy, (in I-D) or p :=w— 31 Aw
(in 2-D), for which the BPE takes the form of a nonlinear wave equation. We then
introduce another new variable, the “momentum” m (in 1-D), or two new variables,
the x- and y-“momenta” m and n (in 2-D), and rewrite the obtained wave equation
as a system of conservation laws with global fluxes. The resulting system is numeri-
cally solved by a second-order central-upwind scheme, proposed in [[L1] and further
improved in [9,[13]] and [8]], together with an efficient FFT-based elliptic solver used
to recover w from available values of p. The selection of the central-upwind scheme
is motivated by its superb properties of this Riemann-problem-solver-free method—
efficiency, accuracy and robustness, demonstrated in a wide variety of applications
(see, e.g., [8]] and references therein), including the models with global fluxes: the
incompressible Navier-Stokes equations, [9, [12], and the traffic flow model with
Arrhenius look-ahead dynamics, [[10].

The rest of the paper is organized as follows. In Sect. Bl we describe the 1-D
central-upwind scheme and numerically study stability of the 1-D solitons for dif-
ferent values of ¢ (in[3) as well as their interactions and emergence out of general
initial data. In Sect. 4l we use the 2-D extension of the central-upwind scheme to
simulate the time evolution of 2-D solitons and to numerically study their stability.

3 Scheme and Algorithm for 1-D BPE
We start by making a change of variables and defining a new variable p as
p=w—PBiwy. “

In terms of this new variable, the BPE[2]takes the form of a nonlinear wave equation:

2 2
Ptt:P(P7W)xx7 p(P7W> ::ﬁ P+<1_ﬁ >W—OCW27 (5)

B Bi
in which the dependence of the “pressure” p on the “density” p is global. Next, we
introduce another new variable, the “momentum’ m, and rewrite the nonlinear wave
equation [§] as a system of conservation laws for the variable U := (p,m)” with a
global flux function F(U) = (m, p(p,w(p))):

+m, =0,
Pr x (6)
ny +p(P,W)x = 07
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where p is defined in [5 and the dependence of w on p is given by the modified
Helmbholtz equation [l

We then design a numerical method for the system [6] ] using the following ap-
proach: the system [6] is solved by the second-order central-upwind scheme from
[8]], while the modified Helmholtz equationdlis solved using the FFT-based elliptic
solver. The details on our numerical method are provided in Sect. 3.1l

3.1 Description of 1-D Numerical Method

We assume that the system[6]is augmented with (smooth) initial conditions and pe-
riodic boundary conditions (in 1-D, an extension of the proposed numerical method
to the nonperiodic case is quite straightforward).

We introduce a spatial grid {C;}, where C; := (x are the cells of a

e =45t
uniform size Ax and denote the cell averages of U at time ¢ by

U,(1) = Alx/cU(x,t)dx.

According to the semi-discrete central-upwind scheme from [§], the cell averages
are evolved in time by solving the following system of ODEs:

Ui =— " e 7

a’ FU” ) —a 1F(Uf 1) U’  —U
Jta Jt2 +2 Jta + - Jta Jta
H-+1 = + _ +a’ a. i - T Q- ®)
IT2 a’ | —a. Jta Jta | at | —a’ JT2
Jts Jt; Jt3 Jt;

Here, the built-in “anti-diffusion” term (which corresponds to the reduced, com-
pared with the original semi-discrete central-upwind scheme from [9], numerical
dissipation) is

Ui~ Uiy Ui~ Uiy
q, 1 =minmod [ °* T i TR )
ax: a.1—-4. ., 4 ,—a. ;

where

J
Ut
it at | —a’ ’

and the minmod function,
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min(zy,22,...,2m), if z>0Vi=1,...;m
minmod(z1,22,...,2m) = { max(z1,22,---,7m), if <0 Vi=1,....m, (11)
0, otherwise,

is applied in a componentwise manner. _
In the numerical flux[8HI0l Uﬁ = Ulx, ! ) are used to denote the point values
2

of a non-oscillatory interpolant U,
Ule,t) = U+ (Ux)j(x—xp), 1 <x<xj,1, Vi, (12)

which is reconstructed at each time step from the previously computed cell averages
{U;(r)}. The second-order accuracy of the interpolant (I2) is guaranteed provided
(Uy); is (at least) first-order approximation of the derivative U,(x;,7). In all our
numerical experiments, we have computed (Uy); using the minmod limiter (see,
e.g., [14,[13)):

. Uj=Uj-1 U1 =Uj1 Ujr1 = U
(Uy)j = minmod (2 Ax 2 Ax ,2 Ax , (13)

where the minmod function is defined in[T1l
Finally, a® 1 are the local speeds of propagation, which can be estimated using

the largest and the smallest eigenvalues of the Jacobian, see [8,9]]. Since the flux in
the system[@is global, we calculate the local speeds as follows:

a]+% —imax(\/p \/p 4l ) (14)

/ 7[32 7[32 W/ w W/
p<p>ﬁl+(1 m) (0) +200(p)W(p).

and the derivative w'(p) is calculated using the chain rule and equation 4}

where

Wy Wy
Px Wx — ﬁlwxxx .

It should be observed that the values of w and its derivatives at each time step are

obtained from the given values of p by solving the modified Helmholtz equation 4l

Thanks to the periodic boundary conditions, equation]can be efficiently and highly
accurately solved using a standard FFT-based elliptic solver.

Remark 3.1. Since the local speeds in[I4] are symmetric, namely,
g =g ;
aj+§_ aj+§ ca. 1, Vj,

the flux formulae[8HIQlare simplified to:
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! n idry -
H, 72{F(U1 )+F(UH2)}— , {Um—UH—qH], (15)
— + * * —
qj+;fm1nm0d(U+2 UL, Uj+%), (16)
1
= N - T )-FU_ )¢ 1
Uj+£ (U1+£+U1+2) 2aj+;{ (U1+z> (Uj+%>} a7

Remark 3.2. The ODE system [7] has to be solved by a stable and sufficiently accu-
rate ODE solver. In our numerical experiments, we have used the third-order strong
stability preserving (SSP) Runge-Kutta method from [7]].

3.2 1-D Numerical Experiments

We apply the central-upwind scheme[7} [[53HI7to the system[6] Our goal is to demon-
strate stability of the soliton solutions [3| and to numerically verify whether they are
attractors for general initial data. In all the 1-D numerical experiments below, we
used the same set of parameters o, 8; and f3,, namely,

06173,[5]:1.5, ﬁQ:OS

This particular set was shown to correspond to the flow in a shallow layer [4]], but in
a paradigmatic sense, any other set of values for the dispersion can be used. If the
ratio is kept 1 /B> = 3, the relevance to the shallow-layer case can still be shown,
but for some stretched spatial coordinates.

Example 1—Single Solitons

We first consider the following initial datum:
w(x,0) =w'(x,0;1.2), (18)

which represents a single soliton at the initial time moment, which is then allowed to
evolve according to the BPE. In this case, the soliton is expected to travel to the right
with the constant speed of ¢ = 1.2. We apply the proposed central-upwind scheme
to the initial value problem (IVP)2l I8l The snapshots of the solution, computed at
different times on the uniform grid with Ax = 100/512, are plotted in Fig.[[(a). As
one can see, the soliton is numerically stable as predicted in [3} 4].

Next, we take a different initial datum:

w(x,0) = w'(x,0;5), (19)

for which the soliton is still expected to travel to the right but with a much higher
speed (since ¢ = 5). Capturing the evolution of such fast soliton is quite a
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Fig. 1 Numerical evolution of isolated solitons as solutions of @)

challenging task since the energy functional is not positive definite. For example,
the numerical scheme, presented in [6], failed on similar sets of initial data with ¢ >
2.1 developing a nonlinear blowup when collision of solitons was considered. The
solution, computed by the proposed central-upwind scheme at different times on the
uniform grid with Ax = 100/512, is presented in Fig.[Ib). As one can observe, the
scheme captures the evolution of the solitary waves correctly, no instabilities have
developed and the quality of the solution is as good as in the previous case.

Example 2—Interaction of Two Solitons

In this example, we simulate a nonlinear interaction of two solitons with differ-
ent initial speeds. The initial profile is taken as the following superposition of two
solitons:

w(x,0) = w®(x+40,0;1.2) + w¥(x — 50,0; —1.5), (20)

on the interval [—150,120]. The initial condition 20| and the solution at times ¢ =
15,30,40,60 and 100, computed by the central-upwind scheme with Ax =270/2048,
are plotted in Fig.[2l As one can see, the higher soliton (initially located on the right)
that travels with a negative phase velocity (c = —1.5) passes through the lower soli-
ton which travels to the right (¢ = 1.2) after going through a nonlinear interaction.
Evidently, the proposed method is capable of capturing the nonlinear soliton interac-
tion with a high resolution. Juxtaposing the profiles before and after the interaction
shows that they indeed have the solitonic property of shape preservation. The height,
the support and the energy of each soliton are preserved with a high accuracy.

Example 3—Arbitrary Initial Data
Finally, we consider equation [2l subject to arbitrary initial conditions:

w(x,0) = sech?(0.5x), w;(x,0) = 0. Q1)
We call this solution “arbitrary” despite of its “sech” shape, because the phase speed
is equal to zero, and the soliton w*(x,;0) that corresponds to ¢ = 0 has nothing to do
with the particularly chosen “sech” shape21l In this case, according to the analytical
results for fully integrable systems, we expect two (or more) soliton solitons of
type [ to emerge out of this initial data. In Fig. 3l we plot the solution at times
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t=0,2,5,10,20 and 30, computed by the central-upwind scheme on a uniform grid
with Ax = 120/1024. What can be clearly seen are two solitons branching from
the initial data, each of them having a canonical soliton shape and moving with the
phase speed that corresponds to its particular shape.

Remark 3.3. In all of the above 1-D numerical experiments, we have performed a
mesh refinement convergence study and observed that the numerical solutions have
been convergent.

4 2-D Numerical Experiments with BPE
4.1 Setting for 2-D Numerical Method

In this section, we consider the 2-D BPE[1l As in the 1-D case, we first make a
change of variables and denote by p the following function:

p=w—[BiAw. (22)
This allows one to rewrite the BPE[Ilin the form of a nonlinear wave equation:

pe =Ap(p,w), plp,w):= g?p—&—(l—g?)w—awz. (23)

Introducing two new variables, the x- and y-“momenta” m and n, and rewriting the
last equation as a system of conservation laws for U := (p,m,n)7 yields:

Pt+mx+ny = 07
m;+p(p,w)x =0, 24)
nt+p(p7w)y :O

The system 24] can be written in the following vector form:

U, +F(U),+G(U), =0, (25)
where the global flux functions F and G are given by F(U) = (m, p(p,w(p)),0)”
and G(U) = (n,0,p(p,w(p)))7, respectively, and the relation between the variables
p and w is governed by the modified Helmholtz equation 22

The numerical method for the resulting system is designed based on the same (as
in the 1-D case) idea: the system 24] is numerically integrated by the 2-D version
of the proposed central-upwind scheme, which can be found in, e.g., [8], while the
modified Helmholtz equation P2]is solved using an FFT-based elliptic solver.
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4.2 2-D Numerical Experiments

For definiteness, in the numerical experiments reported in this section, we consider
equation[Tlwith o = 1, ; = 3,8, = 1 subject to the initial data

w(x,y,0) = w'(x,y —n,t;c) (26)

which correspond to a soliton moving along the y-axis with velocity c. Because of
the rotational symmetry of the operators in the BPE, any other case can be reduced to
a case with only one nontrivial component of the phase speed. In [5], a comprehen-
sive semi-analytical/semi-numerical solution was summarized as best-fit functions
of the governing parameters. For B, = 1, the following best fit approximation given
in [5] was presented for the shape of the 2-D soliton:

Ws(xayat;c) :f(x,y) + Cz[(l 7ﬁl)gtl(x7y) +ﬁ]gb(xay)]
+ 2 [(1= Bi)hi (x,) + Biha(x,y) cos(26)],

where
2.4(140.2472)
flxy) = 2157
cosh(r)(1+0.095r%)
ry) = 1.2(1—0.177r24) ry) = 1.2(1+0.221)
8 = cosh(r)[14+0.11721)7 8P T T cosh(#)1 +0.11724)
2 3 4 6
h,-(x,y)* a;r-+b;r’ +cir' +vr

L 4dir+eir? + fird + gir*t + hirS + qir® +wir®’

Here, r = \/x2 +y2, 8 = arctan(y/x), and the coefficients are: a; = 1.03993, a; =
31.2172,b; =6.80344, b, = —10.0834, c; = —0.22992, ¢, =3.97869, d; =12.6069,
dy =77.9734, e = 13.5074, e; = —76.9199, f1 = 2.46495, f, = 55.4646, g| =
2.45953, go = —12.9335, hy = 1.03734, h, = 1.0351, q; = —0.0246084, ¢, =
0.628801,v; =0.0201666, v, = —0.0290619, w; =0.00408432, w, =—0.00573272.

We first test our scheme on the case ¢ = 0, when the solution has an exponential
decay at infinity and hence is tightly localized. In this case, we take a computational
domain [—15,15] x [—15,15], which is sufficiently large and hence the localized
solution does not interact with the computational boundaries. The profile in this
case is a standing soliton, and apart from the sheer validation significance, the com-
putations are also purported to answer an important question: can the nonlinearity
without motion keep this soliton from being annihilated by the diffusion?

We present our results in Fig. I for a sequence of time moments from 5 to 20, and
on two different grids. The upper row of panels contains the result, obtained on a
uniform grid with Ax = Ay = 30/128. One can see that the nonlinearity is not strong
enough without motion, and the initial elevation is transformed into a propagating
cylindrical wave, similar to the one generated on a water surface when an object is
dropped onto it. The lower row of panels contains the same solution, but computed
on a finer grid with Ax = Ay = 30/256. The differences between the profiles for
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t=5 t=10 t=15 t=20

-5 0 5
t=5

-5 0 5

Fig. 4 Evolution of the numerical solution of (), @8) with ¢ = 0 and 1 = 0, computed on
two different grids

the same time moments are small and compatible with the second-order truncation
error. We have thus answered one of the pertinent physical questions.

We now consider the case of a moderate phase speed ¢ = 0.3 and compute the so-
Iution up to t = 16. The results are presented in Fig.[5l The top row of panels shows
the lowest resolution (Ax = Ay = 30/128) solution, the plots in the middle row cor-
respond to the medium resolution (Ax = Ay = 30/256), and the lowest row presents
the results for the finest grid with Ax = Ay = 30/512. Clearly, the lowest resolution
means that more numerical diffusion and dispersion are present, and as a result, the
nonlinearity could not keep the shape in the form as prescribed by the initial condi-
tion. The interesting result obtained thanks to the numerical technology developed
here, is that the soliton not only moves, but also evolves in a similar fashion as the
standing soliton, resembling concentric cylindrical waves propagating outwards. In
this case, however, the motion does not have a cylindrical symmetry because of the
propagation of the solitary wave. The result is again a solitary structure, but of a
different symmetry and with some kind of “aging”, in the sense that the amplitude
decreases in time, and the support increases.

In the middle row of panels in Fig.[5l we present the results obtained on a finer
grid with Ax = Ay = 30/256. In this case, the numerical diffusion and dispersion
are about four times smaller, and the nonlinearity was able to maintain the shape,
prescribed in the initial conditions. This means that the shapes obtained in [5] may
qualify as solitons. Unfortunately, the nonlinearity of BPE can lead to blowup even
in the 1-D case (see the literature cited in [6]]), if the initial condition has negative
energy. There are no investigations concerning the possible blowup in 2-D, but in
generic sense, one should expect a more stringent conditions on the initial energy
in order to keep the shape from blowing up. The blowup can be clearly seen in the
bottom row of Fig.[3l where the finest grid solution is shown, as well as in Fig. [6
where the maximum, upayx, of the soliton and its position, ymax, are traced in time.
One can see that at small times the maximum (as presented in the upper panel of
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Fig. 5 Evolution of the numerical solution of (1)), 26) withc =0.3 and ) = —5
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Fig. 6 Evolution of the maximum of the solitary wave and its trajectory for the numerical
solution shown in the bottom row of Fig.

Fig. [6) almost does not change and the slope of the trajectory (the lower panel of
Fig.[6) is 0.28, which is within 5% from the expected theoretical value of 0.3. The
disturbing news here is that at large times the maximum increases dramatically and
a blowup takes place before r = 17.
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This allows us to conclude that with the second-order nonlinearity of the BPE,
one treads very thin path between the dispersion controlled evolution and blowup,
and the selected mode of evolution depends on the grid resolution.

At the end, we consider the case of a larger phase speed ¢ = 0.7, for which the
computed solution is presented in Fig.[7l The nonlinearity is strong enough to keep
the solution from dissipating, but the low scheme diffusion/dispersion cannot pre-
vent the blowup, and the latter actually takes place much faster than in the case of
the moderate phase speed ¢ = 0.3.

-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0o 5 10 -10 -5 0 5 10

Fig. 7 Evolution of the numerical solution of (), (26) with ¢ = 0.7 and 1 = 0, computed on
a uniform grid with Ax = Ay = 30/512

5 Conclusion

In this paper, a novel idea is used to create an efficient finite volume scheme for the
fourth-order generalized wave equations, such as the Boussinesq Paradigm Equation
(BPE). A special change of dependent variables allows one to render the original
problem to a system of the type encountered in compressible fluid dynamics. The
scheme is validated by performing a series of mesh refinement studies. In treating
several cases of single and interacting solitons in 1-D, the scheme has been demon-
strated to be stable and robust.

In 2-D, different cases of physical significance are treated. First, the standing
soliton has been investigated and we have demonstrated that it cannot survive and
eventually will be transformed into a diverging propagating wave with cylindrical
symmetry. Second, a solitary wave with moderate propagation speed is imposed as
an initial condition and its evolution is numerically investigated. On the coarsest
grid (largest numerical diffusion and dispersion), the propagating wave was trans-
formed into a diverging wave skewed by the propagation. The medium grid allowed
to trace the steady translation of the wave for long time period, but eventually the so-
Iutions blows up, signifying that the quadratic nonlinearity of BPE is not adequate
for modelling permanent soliton-like waves. This conclusion is further confirmed
by the computations on the finest grid, on which the blowup takes place earlier in
time. Third, a case of large phase speed is investigated, and the same behaviour is
observed as for the moderate phase speed with the only difference that the time scale
of the blowup is much shorter.
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