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in the development of accurate and robust numerical methods for the studied systems
come from the complicated wave structures, such as shocks, rarefactions and contact
discontinuities, arising even for smooth initial conditions. In order to reduce the diffusion
in the original central-upwind schemes, we use a local characteristic decomposition

fggfﬁ;acteristic decomposition procedure to develop a new class of central-upwind schemes. We apply the developed
Central-upwind schemes schemes to the one- and two-dimensional Euler equations of gas dynamics to illustrate the
Hyperbolic systems of conservative laws performance on a variety of examples. The obtained numerical results clearly demonstrate
Euler equations of gas dynamics that the proposed new schemes outperform the original central-upwind schemes.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

This paper focuses on numerical solutions of hyperbolic systems of conservation laws, which in the two-dimensional
(2-D) case, read as

Ut+F(U)x+G(U)y=0, (1.1)

where x and y are spatial variables, t is the time, U € R? is a vector of unknowns, F : RY — R9 and G : R — R are the
x- and y-flux functions, respectively.

It is well-known that the solutions of (1.1) may develop complicated wave structures including shocks, rarefactions,
and contact discontinuities even for infinitely smooth initial data, and thus developing highly accurate and robust shock-
capturing numerical methods for solving (1.1) is a challenging task.

Since the pioneering works [7,9,24], a large number of various methods had been introduced; see, e.g., the monographs
and review papers [2,12,16,25,39,42] and references therein. Here, we focus on finite-volume (FV) methods, in which solu-
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tions are realized in terms of their cell averages and evolved in time according to the following algorithm. First, a piecewise
polynomial interpolant is reconstructed out of the given cell averages, and then the evolution step is performed using the
integral form of (1.1). To this end, a proper set of time-space control volumes has to be selected. Depending on this selection,
one may distinguish between two basic classes of finite-volume methods: upwind and central schemes. In upwind schemes,
the spatial part of the control volumes coincides with the FV cells and therefore, one needs to (approximately) solve (gener-
alized) Riemann problems at every cell interface; see, e.g., [2,9,42] and references therein. This helps the upwind schemes to
achieve very high resolution. At the same time, it might be quite complicated and even impossible to solve the (generalized)
Riemann problems for general systems of conservation laws. Central schemes offer an attractive simple alternative to the
upwind ones. In staggered central schemes, first proposed for one-dimensional (1-D) systems in [32] and then extended to
higher order [26,31] and multiple number of dimensions [1,13,27], the control volumes use the staggered spatial parts so
that the FV cell interfaces remain inside the control volumes. This allows to avoid even approximately solving any Riemann
problems, which makes staggered central schemes easy to implement for a wide variety of hyperbolic systems. The major
drawback of staggered central schemes is, however, their relatively large numerical dissipation as they basically average over
the Riemann fans rather than resolving them.

In order to reduce the amount of excessive numerical dissipation present in central schemes, a class of central-upwind
(CU) schemes have been proposed in [18,21]. These schemes are based on nonuniform control volumes, whose spatial size
taken to be proportional to the local speeds of propagation. This allows one to minimize the area over which the solution
averaging occurs still without (approximately) solving any (generalized) Riemann problems. The upwind features of the CU
schemes can be seen, for example, when they are applied to simpler systems. For instance, the CU scheme from [18] reduces
to the upwind one when it is applied to a system whose Jacobian contains only positive (only negative) eigenvalues. Another
advantage of the CU schemes is related to the fact that unlike the staggered central schemes, they admit a particularly
simple semi-discrete form. This observation is the basis of the modifications of the CU schemes we propose in this paper.

Even though the CU schemes from [18,21] are quite accurate, efficient and robust tools for a wide variety of hyperbolic
systems, higher resolution of the numerical solutions can be achieved by further reducing numerical dissipation. This can be
done in a number of different ways, for example: (i) by introducing a more accurate evolution procedure, which leads to a
“built-in” anti-diffusion term [20]; (ii) by implementing a numerical dissipation switch to control the amount of numerical
dissipation present in the CU schemes [17]; (iii) by obtaining more accurate estimates for the one-sided local speeds of
propagation using the discrete Rankine-Hugoniot conditions [8].

Another way to control the amount of numerical dissipation present in the CU schemes or any other FV methods is
by adjusting the nonlinear limiting mechanism used in the piecewise polynomial reconstruction. It is well-known that
sharper reconstructions may lead to larger numerical oscillations and a way to reduce these oscillations is to reconstruct
the characteristic variables rather than the conservative ones; see, e.g., [35]. This can be done using the local characteristic
decomposition (LCD); see, e.g., [3,14,15,30,33,35,39,44] and references therein.

In this paper, we modify the CU schemes from [18] by applying LCD to the numerical diffusion part of the schemes.
The obtained new LCD-based CU schemes contain substantially smaller amount of numerical dissipation, which leads to
a significantly improved resolution of the computed solution compared with the original CU schemes. As observed above,
the key idea is that the new LCD-based CU scheme reduces to the upwind scheme when applied to 1-D linear hyperbolic
systems

U+ AU, =0, (1.2)

where A is a constant matrix (disregarding the sign of the eigenvalues of A). This feature suggests that the new CU schemes
have more built-in upwinding compared with their predecessors.

The paper is organized as follows. In §2, we briefly describe the 1-D second-order FV CU scheme from [18]. In §3, we
introduce the proposed new 1-D LCD-based CU scheme and show that the developed 1-D scheme reduces to the upwind
scheme when applied to the linear system (1.2). In §4, we construct the 2-D LCD-based CU scheme. Finally, in §5, we
test the proposed schemes on a number of 1-D and 2-D numerical examples for the Euler equations of gas dynamics. We
demonstrate high accuracy, efficiency, stability, and robustness of the new LCD-based CU schemes, which clearly outperform
the second-order CU scheme from [18,22].

2. 1-D central-upwind scheme: a brief overview

In this section, we consider the 1-D hyperbolic system of conservation laws

U+ F(U)x=0, (2.1)

and describe the second-order semi-discrete CU scheme from [18]. To this end, we assume that the computational domain
is covered with the uniform cells C; := [xjf%,xﬂ%] of size Ax centered at x; = (XF% +xj+%)/2 and denote by U ;(t) cell
averages of U(-,t) over the corresponding intervals Cj, that is,

Uit~ 1 U(x,t)dx.
J AX

Cj



A. Chertock, S. Chu, M. Herty et al. Journal of Computational Physics 473 (2023) 111718

We also assume that at certain time t > 0, the cell average values Uj are available and from here on we suppress the
time-dependence of all of the indexed quantities for the sake of brevity.

According to [18], the computed cell averages (2.1) are evolved in time by solving the following system of ordinary
differential equations (ODEs):

&y _ Tt T (22)

where F j+1 are the CU numerical fluxes given by

ToyFry~5afla | Ta%y
Foa=—232——2 24 22 (y" —-Uu_,|. (2.3)
a at, —a; at ,—a; , \ Jta it
Jt+3 Jt+3 Jt+3 Jt+3

Here, Fﬁ, = F(UJ“,—;]) and Ujil are the right/left-sided values reconstructed out of the given set of cell averages {E]-}.
2 2 2

+

The one-sided local speeds of propagation a] , are estimated using the largest and the smallest eigenvalues of the Jacobian

AWU) = au F (U), which we denote by A1 (A(U)) <...<Aqg(A(U)). This can be done, for example, by taking

a;; _max{kd(A(U+ 1) k(AU 1)) }

(2.4)

a];%:min{xl(A(uL%)) M (AU, 1)) ]

The (formal) order of the scheme (2.2)-(2.4) is determined by the accuracy the point values Ui | are reconstructed

with and the order of the ODE solver used to integrate the ODE system (2.2) in time. In this paper, we use the LCD-based
second-order piecewise linear reconstruction described in §2.1 and the three-stage third-order strong stability preserving
(SSP) Runge-Kutta solver; see, e.g., [10,11].

2.1. LCD-based piecewise linear reconstruction

In order to ensure at least second-order of accuracy of the CU scheme (2.2)-(2.4), one has to use a second-order piece-
wise linear reconstruction, which will be non-oscillatory provided the numerical derivatives are computed using a nonlinear
limiter. A library of different limiters are available; see, e.g., [2,12,25,28,32,41,42]. The limiters can be classified as dissi-
pative, compressive or overcompressive; see [28]. When applied to the conservative variables U, dissipative limiters may
introduce excessive numerical dissipation, which may result in oversmeared solution discontinuities. On the other hand,
compressive and overcompressive limiters tend to lead to quite large oscillations near discontinuities and artificial sharp-
ening smooth parts of the solution (compressive limiters may lead to kinks, that is, jumps in the first derivatives, while
the overcompressive limiters may lead to jumps in the solution itself); see, e.g., [28]. Part of these difficulties can be over-
come by reconstructing local characteristic variables as it was demonstrated in [35] in the context of higher-order WENO
reconstructions.

In this paper, we use the minmod limiter, which is, according to [28], the most compressive out of dissipative limiters.
As this limiter typically leads to quite large oscillations when applied to the conservative varlables we implement it in the
LCD framework. Specifically, we first introduce the matrix A = A(U 1 ), where A(U) = (U ) is the Jacobian and U

is either a simple average (UJ + U]+1)/2 or another type of average of the U] and UJ+1 states.

As long as the system (1.1) is strictly hyperbolic, we compute the matrices R] 1 and R 11 such that R 1 AHlR 1 is

a diagonal matrix and introduce the local characteristic variables Iy in the neighborhood of x =Xj,1
_ -1 771 i .
Fk_RH%Uk, k=j—1,...,j+2.

Equipped with the values T';_y, I'j, T'j11 and I'j;5, we reconstruct I' in the cell C; by computing

~Tjy Tj1—Tjq _Tjq—T;
(Ty)j=minmod (2 L ——J=1 S — 7=l 5 2l = 7)) (2.5)
AX 2AXx Ax
and
. Fjg1—Tj Tjo—-T; Tj2-Tjn
Iy)i.q; = minmod ( 2 —* J -J J 2] J , 2.6
(T ( L - (26)

where the minmod function, defined as
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minj{z;} ifz;>0 Vj,
minmod(z1, 22, ...) := { maxj{z;} ifzj<0 V], (2.7)
0 otherwise,

is applied in the component-wise manner. The slopes (2.5) and (2.6) allow to evaluate

r r]"f‘_(rx)] and r+1 —r_1+1 __(rx)j-&-],

i+

and obtain the corresponding point values of U by

+ +
U i+l RH%FH%. (2.8)
Remark 2.1. In Appendix A, we provide a detailed explanation on how the average matrix 2,‘ +1 and the corresponding

matrices Rj+% and R;J:l are computed in the case of the Euler equation of gas dynamics.
2

3. 1-D LCD-based central-upwind scheme

In this section, we introduce a new 1-D LCD-based CU scheme, in which the amount of numerical dissipation is sub-
stantially reduced compared with the original CU scheme (2.2)-(2.3). To this end, we first rewrite the numerical flux (2.3)
of the original CU scheme in the following form:

Fit+Fjn

Fiy=——>% D

i+1 3 1, (3.1)

where Fj:= F(ﬁj) and Dj+% is the numerical diffusion given by

+ —
a’ a
_ s - _Fj+tFjn i3 + _Fj+Fjn
Diy1=—F"——|F ,— - —F - Fr,————
2 al,—a 4, Itz 2 a’ ,—a. L 1Tz 2
Jt+3 Jt+3 J+3 Jt+3
+ p—
41941
+ ut,-u_ |,
a’ ,—a. I+3 J*3
Jt+3 Jt+3

which, in turn, can be rewritten with the help of the matrix R i+l introduced in §2.1 and using (2.8) as follows:

_ Fi+F;.q Fi+Fiq
1 _rj jt+ 1 + 1 jt+
DJ+;—R]+;P 1R 2|:Fj+% T j|+R]+%M 1R]+% |:Fj+% 3
(3.2)
+ _ -
R4 Qg <r1+% rj+%>'
Here, Pj+%’ Mj+%' and QH% are the diagonal matrices
Pi1= diag((PﬂH%, e (Pd)j+%), M 1= diag((MQH%, e (Md)H%), (33)
Qj1 Zdiag((QOH%,...,(Qd)H%)
with
1
: . ) — + - + - P
((Pl)j_;,_%v(Ml)j+%5(Ql)j+%)—a+ —a (aj+%7 aj+%’aj+%aj+%)’ l_lv~~~7d' (34)
ity ity
The main idea of the new the 1-D LCD-based CU scheme is to replace the constant entries (3.4) m the diagonal ma-
trices PH%, M1+%‘ and Q 1 with the corresponding characteristic entries of the diagonal matrix R~ + AHz 11 . This

is motivated by the fact that m the linear case with F(U) = AU, the local characteristic speed might be dlfferent for each
(diagonalized) component I'. Hence, a diffusion that depends on the corresponding local speed of each component may lead
to a sharper resolution of possible discontinuities.
Proposed modifications lead to the semi-discrete scheme
— LCD LCD
%z_fﬁz ! (3.5)
de Ax ’ ’
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where the numerical fluxes .7-'3?1 are the LCD modifications of (3.1):
2

Fj+ Fjiq
o _ T j+ LCD
'7:J+2 - 2 + Dj+%’ (3.6)
with the following LCD modification of the numerical diffusion term (3.2)-(3.4):
D0 _ R, pLDRT |pT _Fj+Fju R lMLC R FT _Fj+Fjn
j+3 IR A o A 2 R R N N 2
(3.7)
LD (r+ _pr—
TR+ Qi (er r1‘+%>'
Here,
PLCD = diag((Pi), TR (PLCD)H%), MLCD = diag((M}); TR (MLCD)] 1),
Q]fD% =diag((Q{™)j 1. (QF™) 1)
with
((PEP) 1 (MFP) 1. (QFP) 1) (3.8)
+ (- + - eyt -
_loh . - )i (()Li )j+%7 (A )j_,_%»()h,' )j+%()‘i )j_,_%) lf()h,' )]'_,_% (A )j+% > €,
i/j+y i/j+y
0 otherwise,
and

(xﬁ)H% :max{ki(A(U;Jr%)), xi(A(U;“Jr%)), 0},

A)jy = min{ki(A(U]T+%)), /\i(A(UL%)), o},

fori=1,...,d.

Finally, & in (3.8) is a very small desingularization constant, taken & = 10~1° in all of the numerical examples reported
in §5.

It is crucial to note that the proposed 1-D LCD-based CU scheme reduces to the second-order semi-discrete upwind
scheme when applied to a linear hyperbolic system (1.2) with constant coefficients. This is proven in the following lemma.

Lemma 3.1. If

F(U) = AU, (3.9)

where A is a constant matrix, then the scheme (3.5)-(3.7) becomes the second-order semi-discrete upwind scheme.

Proof. We note that in the linear case with constant coefficients, the corresponding matrix composed of the right eigenvec-
tors of A is also a constant matrix, that is, Rj+l = R, and matrices P]LfB and ML,iD] reduce to
2

2 J*3

PLCD —

il = P = diag (max{sign(ir1), 0}, ..., max{sign(irq), 0}),

b (3.10)
Mj+ = M = diag (min{sign(i1), 0}, ..., min{sign(i4), 0}),
2
while the matrix Q]FJED] =0 as A A; =max(;,0) - min(;,0) =
2

Taking into account the above simplifications and substituting (3.9) and (3.10) into (3.7), yields the following expression
for the numerical diffusion term:

Uj+U; Uj+U;
D\ = RPR™ 1A|:U_+ 712 ]+1:|+RMR 1A[u+ _ it o J“}
2 2
Uj+U; Uj+U;
:RPR_1AR|:R_1(U_ %)}—G—RMR AR|: 1(u+ %)} (3.11)
2

I+, [ +T
—RAT (r— M) +RA™ (rf it ’“)
J+2 2 ]+2
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where
+=PR7TAR = PA = diag (max{i1, 0}, ..., max{iq, 0}),
A~ =MR AR = MA = diag (min{)1, 0}, ..., min{Ag, 0}).

Finally, combining (3.9) and (3.11) together and including them into (3.6), we obtain

1 — — B [i+T B [i+T
FLD —_A(U;+U; RAT r; — L T )4 RA r+ Sl N b
i+ 2 (Uj+Ujn) + ! > + 1 5
1 - B U;+Ujy, B U;+Uj,
=—(AT+A)(U;+U; At(u- , - )y p- (gt - LTI (3.12)
SAT A (Uj+Uj) + ( " 5 + s :
_ At
=ATU, %—i—A u+1,

where A* := RA*R™!. This confirms that the scheme (3.5), (3.12) is the second-order semi-discrete upwind scheme. O
4. 2-D LCD-based central-upwind scheme

In this section, we generalize the 1-D LCD-based CU scheme introduced in §3 for the 2-D hyperbolic system of con-
servation laws (1.1). We design the 2-D LCD-based CU scheme in a “dimension-by-dimension” manner, so that it reads
as

_ FLD _7_-Lc LCD LCD
dUje Tl 1k g1k+z glk ] (41)
dt AX Ay ’ )
where
LCD J, j+1k LCD LCD Jj.k Jok+1 LCD
'7:]+ k 2 + D 1 k&’ g] k+ 2 D] k+ (42)
Here, Fjj := F(Ej,k), Gj:= G(Ej,k). and DﬁD] P and D;ck'll are the numerical diffusion terms defined by
2 Ktg
Fiy+F;
LCD LCD 1 E Tk Jj+1.k
D+ k RJ+ kP]+ kRj+1l<|:F k 2 }
Fiy+F; T
-1 Jj.k j+1k E
+R;1 kMH_l kRHz r F]H KT Ty +Rj+%,kQ]+1 k (r]+1k rj,k)’ w3
- 43
DD _ R pLD p-1 IGN _ Gik+Gjkn
Gkt s T kg ke I k] | Tk 2
i Giy+6G;
LCD p-1 S Jj.k jok1 ] LCD N
+R]k+1M1k+2RJk+2 G]I<+l 2 +Rjk+1Q]k+ [r]k+1 rj,k]'
The matrices Rj+1 o R‘1 and Rjk+1, R‘; 1 are the matrices such that Rj_i%JA 1 kR]Jr x and R_k+1B] ,<+1R]k+2
are diagonal. Here, A]+ k _A(U]+ o B] kel _B(U]k+1) with AWU) = 2ED pw) =20 and UH%,k, u] kel are

either simple averages (UJ r+ U]H /2, (U] k+ UJ k+1)/2 or another type of averages of E] ks EH] k and U, Uj k+1
states, respectively. The numerical ﬂuxes F] and G S are defined by FJ K = F(UJ X ) " k = G(U] k) and the details

of reconstructing the point values vt ik W and UY i k I‘ and l"j S for the 2-D Euler equations of gas dynamics are provided

in Appendix C. Finally, the diagonal matrices PLC 1k M;iD%’k Q]LfrD I P]L‘.CIBH M;SDJr], and QLCD ] are defined by

PlﬁD = diag ((P%CD)H%,k’ - (PLCD)]+%,I<)’ Plﬁil = diag ((P%CD)]',H%’ - (PLCD)],H%)’
lerl,k = diag ((M%CD)H%,k’ - (MLCD)]+%,I<)’ Mljck]i‘ = diag ((M%CD)]',H%’ o (M) ',k+j)’

Qi =diag (1)1, g o (QUP)ys) . QU0 =diag (@A) iy (QEP)ay)-

where foralli=1,...,d
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(PIP) e M)y (@)

(0Dt =) 1 e D) 1 (), )ifAk~. > g,
_ A(Ai)1+%,k (( i )H—%,k ( i )]+%,k ( i )]+%.k( i )]+%,k ( ‘)H—%,k

0 otherwise,
LCD LCD LCD
(PP 1o (MED) QP 1)

_ W(w Dy~ ey () ey (D) iy ) IEAD g1 > &,

0 otherwise.

. — (T - X o + —
Here, AGhi)jy 1 = W)yt = i)yt g AW j gy 1 = (D) g1 — (i) ey 1 and

where A; and w; are the eigenvalues of the Jacobians A(U) and B(U): A(A) <...<Xg4(A) and @1(B) <... < uq(B),
respectively.

We note that as in the 1-D case, the proposed 2-D LCD-based CU scheme reduces to the second-order semi-discrete
upwind scheme when applied to a linear hyperbolic system

Ui +AU,+BU, =0

with constant matrices A and B. This is proven in the following lemma.

Lemma 4.1. If

F(U)=AU and G(U)=BU, (4.4)

where A and B are constant matrices, then the scheme (4.1)-(4.3) becomes the second-order semi-discrete upwind scheme.

Proof. As in Lemma 3.1, we note that the corresponding matrices composed of the right eigenvectors of A and B are also

constant matrices, that is, R =Ri1, Rj;, 1 = R> and matrices PLC ] pLep MLCD1 L and ML reduce to
2

J+3k K ks

2

PﬁD . = P1 =diag (max{sign(%.1), 0}, ..., max{sign(r4), 0}),
Pl ) = P2 =diag (max(sign(u1), O}, ..., max{sign(a), 0).
M"C 1 =Mi = diag (min(sign(11), 0}, ..., min(sign(1), 0}),

Mﬁil = M = diag (min{sign(121). 0}, ..., min{sign(s4). 0})

while the matrices QLC1 B Q;-Cki] =0 as A" A; =max(x;,0) - min(x;,0) =0 and ;" pt; = max(s;, 0) - min(;, 0) =0

Taking into account the above 51mp11ﬁcat10ns and substituting (4.4) and (4.5) into (4.3), yields the following expressions
for the numerical diffusion terms in the x- and y-directions, respectively:

7
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Ui +U;
LCD _ -1 ik j+1.k
Dj+%,k—R1P1R1 A|:U]k E E— :| 3

+R1M1R1_]A|:U]+1k

Uj+U;
— RiP1RTAR, [Rﬂ (u] - J+1,k):|
— _ U; +ﬁ' K
+RiM1R AR, |:R11<U]+1k %)}

T +T; ) i+
—RiA} <r?k_ ik : 1+1,k> FRIA; (r1+1 - jk J+1,k)7

ﬁj,k + ﬁj+1,ki|

2
. . . . (4.6)
Ujx+U; Ujx+U;
LCD N j.k j.k+1 -1 j.k J.k+1
D7 =RaPaR; 'B |:ij,<— 2} +RoMyR;'B |:U] b1 — 2}
U;x+U;
:R2P2R2_1BR2 |:R2_] (U?{k_ Lk +2 ].k+l>i|
Uj+U;
+ RyMaR; 'BR, |:R 1(U,k+1 —H ”kHﬂ
| R _ Fikx+Tjke1
:R2A;<r?{k_ ! 2 L +R2A, I‘§k+1 ! 2] = )
where
AT = P1R7'ARy = P1Aq = diag (max{r1, 0}, ..., max{xg, 0}),
Al = M1R1 AR = M1 A1 =diag (min{r1, 0}, ..., min{Aq4, 0}),
A} = P2R;"BRy = P2 A, = diag (max{u1, 0}, ..., max{ug, 0}),
A, = MR, 'BRy = M2 A, = diag (min{u1,0}, ..., min{ug, 0}) .
Finally, combining (4.4) and (4.6) together and including them into (4.2), we obtain
LCD T T
-7"J+ k_—A(Uj,l<+Uj+1,k)
Fix+T; _ Fix+T;
+RiAT (r?k_ jk ]+1,k> FRIA; <r1+1k jk : ]+1,k)
I — (4.7)
25(/\ +A)(Ujk+Ujp)
Ujk+U 1k Ujr+Ujpk
+{ yE J, j+1, Js J+1, +77E
+A <Uj,k—f +AT (U, - — | =AU AT U
LCD 1 = T4
ng+2 5JE;(U,-,kJruj,kH)
Tjx+T; Tjx+T;
+ N j.k J.k+1 — S j.k J.k+1
O T TEEy PP L TR P
(4.8)

1 o _
= §(B+ +B)(Ujk+Ujks1)

ﬁ'l-i-ﬁ'k] _ Ujk+Ujks
+ ik Jk+ s J.k Jik+ +yN
+B (U]k f)—'_B <U]k+l f>_3 U; k+B U}k+1’

where A* := RlAfR;l and B* := RzAziRz‘l. This confirms that the scheme (4.1), (4.7)-(4.8) is the second-order semi-
discrete upwind scheme. O

5. Numerical examples

In this section, we apply the proposed LCD-based CU schemes, which will be referred to as the New CU schemes, to the
1-D and 2-D Euler equations of gas dynamics described in Appendices A and C, respectively. We conduct several numerical

8
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Table 5.1
Example 1: The L!-errors and experimental convergence rates for the density (p),
momentum (pu), and total energy (E).

AXx P pu E

Error Rate Error Rate Error Rate
1/200 2.72e-04 2.02 7.88e-04 2.02 3.55e-03 2.02
1/400 6.60e-05 2.08 1.92e-04 2.07 8.64e-04 2.07
1/800 1.59e-05 2.01 4.64e-05 2.01 2.08e-04 2.01
1/1600 3.93e-06 2.04 1.15e-05 2.03 5.15e-05 2.04
1/3200 9.62e-07 2.01 2.82e-06 2.01 1.26e-05 2.01

Table 5.2

Example 2: The L*°-errors for the velocity (u)
and pressure (p) between the exact solutions.

AX [lu — UExactlloo 1P — Pexactlloo

1/200 1.25e-16 2.22e-16

experiments and compare the performance of the New CU schemes with that of the corresponding 1-D and 2-D second-order
CU schemes from [18] and [22], respectively, which will be referred to as the Old CU schemes.

In Examples 1-11, we take the specific heat ratio y = 1.4, while in Example 12, we set y =5/3. In all of the examples,
we use the CFL number 0.4.

5.1. One-dimensional examples

Example 1—1-D accuracy test
In the first example, we consider the problem with the following smooth initial data:

2

y—1 r-1
, x,0) = u(x,0)+10 , x,0) = p? (x,0).
)p()[zﬁ(()Jr)} p(x.0) = p” (x,0)
We implement the periodic boundary conditions on the computational domain [0, 10] and compute the numerical solution
until the final time t = 0.1 (at which the solution is still smooth) using the New CU scheme on a sequence of uniform
meshes with Ax=1/50, 1/100, 1/200, 1/400, 1/800, 1/1600, and 1/3200.

We compute L'-errors and estimate the experimental convergence rates using the following Runge formulae, which
are based on the solutions computed on the three consecutive uniform grids with the mesh sizes Ax, 2Ax, and 4Ax and
denoted by (-)2%, (\)22%, and (-)*2*, respectively:

u(x O)—sin(nx—i-n
a 5 4

52 s
Error(Ax) ~ —24  Rate(Ax) ~ log, (ﬁ) ,
[812 — 824 812
Here, 812 := [|()® — ()®2¥||;1 and 824 := ||(-)22% — (-)**%|| ;1. The obtained results for the density, momentum, and total

energy are reported in Table 5.1, where one can clearly see that the second order of accuracy is achieved.

Example 2—moving contact wave
In the second, we consider the moving contact discontinuity problem from [20], which is considered on the interval
[0, 1] with the free boundary conditions at both ends and subject to the following initial conditions:

(1.4,0.1,1), x<0.5,

(0, u, p)(x,0) = {(1, 0.1,1), x>05.

We compute the numerical solutions until the final time t = 0.2 by both the New and Old CU schemes on a uniform mesh
with Ax = 1/200 and then plot them in Fig. 5.1 together with the exact solution. As one can see, the New CU scheme
achieves slightly higher resolution than the Old one. It is also instructive to note that both the velocity u and pressure p
computed by the New CU scheme, remain constant in this example. We illustrate it in Table 5.2, where we show that both
u and p are computed within the machine error. Moreover, this property is true for any problem with initially constant u
and p as stated in the following lemma.

Lemma 5.1. If u(x, 0) = I, p(x, 0) = p, where Ui and p > 0 are given constants, then u(x,t) =t and p(x,t) = p forall t.

The proof of this lemma is given in Appendix B.
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Fig. 5.1. Example 2: Density (o) computed by the New and Old CU schemes (left) and zoom at x € [0.48, 0.56] (right).

p p

New CU
201 —0ld CU || 20
——Reference
151 1 15
21 \
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10 1 10
05 -045 -04
s 5 —— New CU
—O0Id CU
—— Reference
0 ' ' 0 ; *
-1 -0.5 0 0.5 1 -0.6 -0.4 -0.2

Fig. 5.2. Example 3: Density (o) computed by the New and Old CU schemes and zoom at x € [—0.65, —0.1].

Example 3—“shock-bubble” interaction problem
In the third example, we consider the “shock-bubble” interaction problem taken from [23]. The initial data, given by

(13.1538,0,1) if |x| <0.25,
(p,u,p)(x,0) =4 (1.3333,-0.3535,1.5) ifx>0.75,
(1,0,1) otherwise,

correspond to a left-moving shock, initially located at x = 0.75, and a bubble of radius 0.25, initially located at the origin.
We implement solid wall boundary conditions on the left and free boundary conditions on the right of the computational
domain [—1,1]. We compute the numerical solution until the final time t =3 using both the New and Old CU schemes
on the uniform mesh with Ax =1/100. The obtained numerical results are presented in Fig. 5.2 along with the reference
solution computed by the Old CU scheme on a much finer mesh with Ax =1/2000. As one can see, the results obtained by
the New CU scheme are sharper and less oscillatory compared to the Old CU scheme results, which have lower resolution
of the shock waves and contain an oscillation at the contact discontinuity.

Example 4—shock-entropy wave interaction problem
In this example, we consider the shock-entropy problem from [40]. The initial conditions,

(1.51695, 0.523346, 1.805), x < —4.5,

,u, x,0) =
(0,4, P)(x.0) (14 0.1sin(20x),0, 1), x> —4.5,

correspond to a forward-facing shock wave of Mach 1.1 interacting with high-frequency density perturbations, that is, as the
shock wave moves, the perturbations spread ahead. We set free boundary condition at the both ends of the computational
domain [—5, 5]. We apply both New and Old CU schemes and compute the solutions until the final time t =5 on a uniform
mesh with Ax =1/80. The numerical results are shown in Fig. 5.3 along with the reference solution computed by the Old
CU scheme on a much finer mesh with Ax = 1/400. One can observe that the New CU scheme produces substantially more
accurate results compared to those obtained by the Old CU scheme. This can also be clearly seen on Fig. 5.3 (right), where
we zoom at the area where the solution has smooth oscillatory structures.

10
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Fig. 5.3. Example 4: Density (o) computed by the New and Old CU schemes and zoom at x € [0, 3].
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Fig. 5.4. Example 5: Density (o) computed by the New and Old CU schemes and zoom at x € [0.75, 0.95].

Example 5—stationary contact wave, traveling shock and rarefaction wave
In the fifth example, we consider the strong shocks interaction problem proposed in [45]. The initial conditions,

(1,—-19.59745,1000) ifx <0.8,

9u7 X’O = i
(o, u, p)x,0) {(1,_19,59745,0,01) otherwise,

are prescribed in the computational domain [—1, 1], in which free boundary conditions are implemented. We compute the
numerical solutions until the final time ¢t = 0.03 by both the New and Old CU schemes on a uniform mesh with Ax =1/100,
as well as the reference solution, which is obtained by the Old CU scheme on a much finer mesh with Ax = 1/2000. The
numerical results, plotted in Fig. 5.4, show that both schemes produce non-oscillatory numerical solutions, but the resolution
of the contact wave achieved by the New CU scheme is higher; see also Fig. 5.4 (right), where we zoom at the neighborhood
of the contact wave.

Example 6—blast wave problem
In the last 1-D example, we solve the strong shocks interaction problem from [45], which is considered on the interval
[0, 1] with the solid wall boundary conditions at both ends and subject to the following initial conditions:

(1,0,1000), x<0.1,
(o,u,p)(x,0)=14(1,0,0.01), 0.1<x=<0.9,
(1,0,100), x>0.9.
We compute the numerical solutions until the final time t = 0.038 by both the New and Old CU schemes on a uniform
mesh with Ax =1/400 and implement the Old CU scheme on a fine grid with Ax = 1/4000 to obtain the corresponding

reference solution. The obtained results, presented in Fig. 5.5, demonstrate that the New CU scheme achieves slightly higher
resolution of the second density spike.

11
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Fig. 5.5. Example 6: Density (p) computed by the New and Old CU schemes and zoom at x € [0.55, 0.85].

Table 5.3
Example 7: The L'-errors and experimental
convergence rates for the density (p).

Ax=Ay Error Rate
1/50 1.76e-04 -

1/100 4.05e-05 212
1/200 8.86e-06 219
1/400 1.92e-06 220

5.2. Two-dimensional examples

Example 7—2-D accuracy test
In the first 2-D example taken from [19], we consider the 2-D Euler equations of gas dynamics subject to the periodic
initial conditions,

1 .
p(x,y,0)=1+55m(71()<+y)), ux,y,00=1, vx,y,00=-0.7, pk,y,0=1,

prescribed on [—1, 1] x [—1, 1]. The exact solution of this initial value problem can be easily obtained and it is given by

1
P(X,.V,t)zl+55m[77(x+y—03t)]7 u(&y,t)EL V(X7Y7t)E_O'7’ p(X7Y7O)El

We first compute the numerical solution until the final time t = 0.1 using the New CU scheme on a sequence of uniform
meshes with Ax= Ay =1/50, 1/100, 1/200, and 1/400. We then measure the L!-errors and the corresponding experimen-
tal convergence rates for the density. The obtained results presented in Table 5.3, confirm that the New CU scheme achieves
the expected second order of accuracy.

Example 8—2-D Riemann problem
In the second 2-D example, we consider Configuration 3 of the 2-D Riemann problems taken from [22]; see also [36,37,
46]. The initial conditions,

(1.5,0,0,1.5), x>1,y>1,
(0.5323, 1.206, 0, 0.3), x<1,y>1,

x,¥,0),u(x,y,0),v(x,y,0),p(x,y,0) =
(p(x.y.0),u(x, y.0). v(x.y. 0). p(x. . 0)) (0.138,1.206,1.206,0.029), x<1,y<1,
(0.5323, 0, 1.206, 0.3), x>1,y<1,

are prescribed in the computational domain [0, 1.2] x [0, 1.2], in which the free boundary conditions are implemented on
all of the four sides of the domain. We compute the numerical solutions until the final time ¢t =1 by both the New and Old
CU schemes on a uniform mesh with Ax = Ay =3/2500, and plot the obtained results in Fig. 5.6. As one can clearly see,
the New CU scheme outperforms the Old CU scheme in capturing a sideband instability of the jet in the zones of strong
along-jet velocity shear and the instability along the jet’s neck.

Example 9—explosion problem
In this example, we consider the explosion problem studied in [8,17,20,29]. This is a circularly symmetric problem with
an initial circular region of higher density and pressure with the following initial conditions,

12
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Fig. 5.6. Example 8: Density (o) computed by the Old (left) and New (right) CU schemes.
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Fig. 5.7. Example 9: Density (p) computed by the Old (left) and New (right) CU schemes.

(1,0,0, 1), x% +y2 <0.16,

x,¥,0,u(x,y,0),v(x,y,0),px,y,0) = .
(o(x.y,0), ux. v, 0), v(x.y.,0). px. y. 0)) (0.125,0,0,0.1), otherwise,

prescribed in the computational domain [0, 1.5] x [0, 1.5]. Solid wall boundary conditions are imposed at x=0 and y =0,
while free boundary conditions are set at x=1.5 and y = 1.5. It is well-known that the solution of this initial-boundary
value problem develops circular shock and contact waves. While the shock wave is stable and a good numerical scheme
should contain a sufficient amount of numerical dissipation to capture the shock in a stable, non-oscillatory manner, the
contact wave is unstable and can only be stabilized numerically by the numerical diffusion present in the scheme. Therefore,
this is a good benchmark to measure the amount of numerical dissipation present in different schemes as one ideally wants
to have as little numerical dissipation as possible, but sufficient to stabilize the shock wave.

We apply both New and Old CU schemes and compute the numerical solutions on a uniform mesh with Ax = Ay =
3/800 until the final time t = 3.2. The obtained results are presented in Fig. 5.7. One can observe that compared with the
results obtained by the Old CU scheme, the contact curve captured by the New CU scheme is substantially “curlier” and the
mixing layer is slightly wider (indicating a more severe instability), while the shock is still stable.

Example 10—implosion problem
In this example, we consider the implosion problem taken from [8,17,20,29]. The initial conditions,

(0.125,0,0,0.14), |x|+ |yl <0.15,

x,¥,0),u(x,y,0),v(x,y,0),p(x,y,0) = .
(p(x,y,0),u(x,y,0),v(x,y,0), p(x, y,0)) (1.0.0.1). otherwise,

are prescribed in the computational domain [0, 0.3] x [0, 0.3] with solid boundary conditions imposed at all of the four
sides. We compute the numerical solutions until the final time t = 2.5 by both the New and Old CU schemes on a uniform
mesh with Ax = Ay =1/2000. The obtained results are depicted in Fig. 5.8 (top row). As one can clearly see, a jet generated
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Fig. 5.8. Example 10: Density (p) computed by the Old CU scheme using Ax = Ay =1/2000 (top left), New CU schemes using Ax = Ay =1/2000 (top
right), Old CU scheme using Ax = Ay = 1/2500 (bottom left), and Old CU scheme using Ax = Ay =3/10000 (bottom right).

by the New CU scheme propagates much further in the direction of y = x than the jet produced by the Old CU scheme:
This is attributed to a much smaller amount of numerical dissipation present in the New CU scheme.

In this example, we also check the efficiency of the proposed LCD-based CU scheme by performing a more thorough
comparison between the New and Old CU schemes: We now take into account additional computational cost of the New
CU scheme. To this end, we measure the CPU time consumed during the above calculations by the New CU scheme and
refine the mesh used by the Old CU scheme to the level that exactly the same CPU time is consumed to compute both of
the numerical solutions. The corresponding grids are Ax = Ay = 1/2000 for the New CU scheme, and Ax = Ay =1/2500
for the Old CU scheme (this solution is plotted in Fig. 5.8 (bottom left). The obtained numerical results indicate that the
New CU scheme still achieves a much higher resolution than the Old CU scheme.

It is instructive to check whether the solution computed by the Old CU scheme on even finer mesh will be comparable
with the New CU solution. To this end, we refine the mesh to the level Ax= Ay =3/10000 and plot the obtained Old CU
scheme in Fig. 5.8 (bottom right). As one can see, this solution is similar to the New CU solution shown in Fig. 5.8 (top
right). This shows that the New CU scheme is capable of resolving the same details on a substantially coarser grid due to
the smaller amount of numerical diffusion present in the scheme.

Example 11—Kelvin-Helmholtz (KH) instability
In this example, we study the KH instability, which develops in the test problem taken from [5,6,8,17,34]. We take the
following initial data:

(1,—-0.5+0.5e0+025/Ly =y « _0.25,
(2,0.5—-0.5eY=029/Ly " _025 <y <0,
(2,0.5—0.5e¥=029/Ly " 0 <y <025,
(1,—-0.5+0.5e02>=-»/Ly  y 5 0.25,
v(x,y,0) =0.01sin(47x), p(x,y,00=1.5,

(px,¥,0),ux,y,0) =

14
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t=1

Fig. 5.9. Example 8: Time snapshots of density (o) computed by the Old (left column) and New (right column) CU schemes at t =1 (top row), t =2.5
(middle row), and t =4 (bottom row).

where L is a smoothing parameter (we take L = 0.00625), which corresponds to a thin shear interface with a perturbed
vertical velocity field v in the conducted simulations. Periodic boundary conditions are imposed on all of the four sides of
the computational domain [—0.5, 0.5] x [—0.5, 0.5]. We compute the numerical solutions until the final time t =4 by both
the New and Old CU schemes on a uniform mesh with Ax = Ay =1/1024. The numerical results at times t =1, 2.5, and 4
are presented in Fig. 5.9. As one can see, at the early time t = 1, the vortex streets formed by the adaptive scheme are more
pronounced. These structures continue growing exponentially in time showing much more complicated turbulent mixing
captured by the New CU scheme, especially at the final time t = 4. Clearly, the New CU scheme outperforms the Old one in
achieving a higher resolution of the KH instabilities.

For the KH instability problem, it is well-known that numerical solutions do not converge when the mesh is refined, since
the limiting solution is not a weak solution but a so-called dissipative weak solution; see [4] for more details. The latter
can be approximated by the Cesaro averages computed from the numerical solutions on meshes with different resolutions.
As proved in [4], the Cesaro averages converge strongly (in the L9-norm with 1 < q < 00) to a dissipative weak solution.
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Fig. 5.10. Example 11: Cesaro averages of the density pC computed by the Old (left column) and New (right column) CU schemes at t = 4.

In order to approximate the limiting solution, we consider the Cesaro averages of the densities computed at the final
time t = 4 by the New and Old CU schemes. To this end, we introduce the sequence of meshes with the cells of size
1/2", n= , 10, and denote by p(1/2") the density computed on the corresponding mesh. We then project the obtained
coarser mesh solutlons with n=5,...,m—1 onto the finer mesh with n =m (the projection is carried out using the minmod
reconstruction [28,32,41] applied to the density field) and denote the obtained results still by p(1/2"), n=5,..., m. After
this, we compute the Cesaro averages by

p(1/2°) +- /2"

pt(1/2™) = p— m=38,9,10. (5.1)

The obtained results, presented in Fig. 5.10 for both the New and Old CU schemes, indicate non-uniqueness of the limiting
dissipative weak solution that apparently depends on the choice of the numerical diffusion. This leads to an interesting
question on suitable selection criteria that can be studied in the future.
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Fig. 5.11. Example 12: Density (p) computed by the Old and New CU schemes at different times.

Example 12—Rayleigh-Taylor (RT) instability

In the last example taken from [8,17,38,43], we investigate the RT instability, which is a physical phenomenon occurring
when a layer of heavier fluid is placed on top of a layer of lighter fluid. The model is governed by the 2-D Euler equations
(1.1), (C1)—(C.2) with added gravitational source terms. In the studied setup, the gravitational force acts in the positive
y-direction and the modified system reads as

Pr+ (pwx+ (pv)y =0,
(pw)e + (pu® + p)x + (puv)y =0,
(PV)e + (puv)x + (pv2 + p)y = p,
Et+ [u(E+pl+v(E+Dp)ly=pv.
This system is considered subject to the following initial conditions:

(2,0,—-0.025ccos(8mx),2y +1), y<0.5,

X, ¥,0),ux,y,0),v(x,y,0), p(x,y,0)) = .
(0. y. 0),u(x. y, 0), v(x.y. 0), p(x. . 0)) (1,0, —0.025ccos(8mx), y + 1.5), otherwise,

where ¢ := /yp/p is the speed of sound, and the solid wall boundary conditions at x =0 and x = 0.25, and the following
Dirichlet boundary conditions at the top and bottom boundaries:

(p,u,v,p)ly=1=1(1,0,0,2.5), (o, u,v,p)ly=0=(2,0,0,1).

We compute the numerical solutions in the computational domain [0, 0.25] x [0, 1] discretized using a uniform mesh
with Ax= Ay =1/1024 until the final time t = 2.95 by both the New and Old CU schemes. The numerical results at times
t =1.95 and 2.95, presented in Fig. 5.11, show a significant difference in performance of the New and Old CU schemes.
Indeed, the New CU scheme is capable of capturing the RT instability with a much higher resolution of the complicated so-
lution structure. Once again, this indicates that the New CU scheme is substantially less dissipative than its Old counterpart.

As in Example 11, we approximate the dissipative weak solution using the Cesaro averages, which are computed by (5.1)
using the same sequence of meshes. The obtained results for both the New and Old CU schemes at the times t = 1.95 and
2.95 are presented in Figs. 5.12 and 5.13, respectively. Once again, we observe that the limiting dissipative weak solution is
apparently non-unique as it seems to depend on the choice of the numerical diffusion.
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Fig. 5.12. Example 12: Cesaro averages of the density p© computed by the Old (top row) and New (bottom row) CU schemes at t = 1.95.
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Fig. 5.13. Example 12: Same as in Fig. 5.12, but for t =2.95.
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Appendix A. LCD matrices for the 1-D Euler equations of gas dynamics

The 1-D Euler equations of gas dynamics read as the system (2.1) with

P pu
U=|pu| and FU)=| pu2+p |,
E u(E+p)

where p, u, p, and E are the density, velocity, pressure and total energy, respectively. The system is completed through the
following equations of state (EOS):

1 p
E:pe+—pu2, e=——,
2 (v —1p

where e is the specific internal energy, and y is the parameter representing the specific heat ratio.

(A1)
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We first compute the Jacobian

0 1 0
y-3,
F L —y y —
A(U) = —SU(U) - 2 G=yu .

E
—%}+w—nﬁ H—(y—1u? yu

where H = E’# is the total specific enthalpy. We then introduce the matrices

0 1 0
{2 3B - y—1

-Di> H—(y-Di? yi

where () stands for the following averages:

u= » P

/3_1_)]‘1'16]#1 o Wjtuj . pi+pi o E+p
- 2 2 N 2 0T p

where
(ou); — 1
=221 and pjz(y—l)[Ej——pjuﬂ.
Pj 2

Notice that all of the (7) quantities have to have a subscript index, that is, (7) = (f) Iy but we omit it for the sake of
brevity for all of the quantities except for A. We then compute the matrix R i+l composed of the right eigenvectors of A i+l
2 2

and obtain

A2 AN ~
1 1 1 ”7+2—¢ —ﬁ—% 1
i-¢ 4 da+c¢ g _ s A |
Ria=1| . a2 and R ==\ 2¢0-2H 21 -2, (A2)
A-ge Y ftae T (Y S
2 — = Ut 1
2 2c 2c

where ¢ =2H — 12 and ¢ =/y p/p.
Appendix B. Proof of Lemma 5.1

In order to prove that the New CU scheme can maintain constant velocity and pressure, it is sufficient to show that if at
a given time level ¢, u;(t) =1 and p;(t) = p, then

2
. u
(]_-LCD)(Z) (]_-LCD) 1) +p and (]_-LCD)(3) 5 (]_.

D)» | Vb
j+3

+

) B.1
+3 y—1 (B1)

where (}'LCD )(l) denotes the ith component of the LCD-based CU numerical flux .7-'LCD (3.6)-(3.8), (A.2). Indeed, let us for
simplicity assume that the ODE system (3.5) is discretized using the forward Euler method and if (B.1) holds, we then obtain

2

Pt + At)=p;(t) — _[(cho)m (cho)m}
and hence

B+ a0 = G0 - 1 [(F19) P - (7))

A 1 1 — v
=7y - i (D) = (FD) V] = By + avji,

which immediately implies

, _ Gwjt+An
uj(t+ At) = ﬁj(t+At) =1u. (B.2)
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We then obtain

= = At 1cp\3) 1cD \3)
Ej(t—l—At):Ej(t)——[(]:H%) -(F9) |
At 1 1 i
=Ej0 - 5| (BB = (F5) V] =Ej0 + 5 [¢+ a0 - 5;0)].
Using the EOS (A.1) and (B.2), the last equation can be rewritten as

Dt A 2 p u? i
% SO0 =T S0+ 5 [+ a0~ 0],

which results in
pit+A)=p (B.3)
A similar computation establishing (B.2) and (B.3) can be carried out for other ODE solvers.

In order to complete the proof of Lemma 5.1, we now need to verify (B.1) for the LCD-based CU numerical flux (3.6)-(3.8),
(A.2). To this end, we use the notations introduced in Appendix A, the fact that (PiLCD)Hl + (MEPY. 1 =1 forie{l,2,3}
2

and for all j (see (3.8)), and after a proper simplification arrive at

oy _ 1T 8P ¢P\ iep 2yup _2up \ iep
(]:H‘z) ¢§|:(y—] ZC)(Pl )1+%+</3(y—1)p1+% 7/—1>(P

u PPN/ o1cp up $DY (2 1D
+<y 2c>(P3 )f+%+(y—l _%)(Ml )J'Jr%

" <,5(233//Lip1)p;r+% B ;/26131)(MLCD)J+% + (Vﬂf1 i?)(mém)ﬁ%

+ A(ZV_ﬁ )(QLCD) 1 (oF 4 —p];%)],
e R [ (S R e e

- (% — %)(M%CD)H% + ("% + %)(M%CD)],+%] - a(;}%in%)m v h
i) = Sy B (L - S YO pie),

+ ( A(;ﬁ_ﬁl)z yarizl . %251 . %)U)LCD)H—%

. vy
(ﬁ()fu_pnz - yail + %ﬁ - %)(M%CD)H%
+ (ﬁ(;/ﬂ_ﬁl)z yelizl + %ﬁ + %)ng)”%} %(ﬁf‘i)“) + %

R 2
It should be observed that the last equality has been established using the formula ¢ = %,

which can be obtained
from the definitions of (13 fi,and E. O

Appendix C. LCD-based piecewise linear reconstruction for the 2-D Euler equations of gas dynamics

The 2-D Euler equations of gas dynamics read as (1.1) with

0 ,cz)u pv
pu _| pu+p _ puv

= v | FU)= puv , and GU)= ov2ip | (1)
E u(E + p) v(E+Dp)

where p is the density, u and v are the x- and y-velocities, p is the pressure, and E is the total energy. The system is
completed through the following EOS:
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P, 2 2 p
E=pe+ =W +v*), e=——, (C2)
2 ¥y —Dp
where, as in the 1-D case, e is the specific internal energy, and y is the parameter representing the spec1ﬁc heat ratlo
In what follows, we discuss the reconstruction of the point values Ut and I‘J . (the point values U] X S and F S can be

computed in a similar manner and we omit the details for the sake of brev1ty) To this end, we first compute the Jacoblan

0 1 0 0
-3 -1
oF Y luws Ly G-y A-yyw y-1
AU) = m(U) = —uv v u 0 ’
)/u

—7+(y—1)u(u +v) H-(y-Du? A-puv yu

where, as in the 1-D case, H = E+D We then introduce the matrices

0
0 1 0 0
-3, -1, R n
_ VTu2+yTv2 G-yt A-p)i y-1
Ajp1 k= —a v i o |-

—Da@2+9) H—(y -2 A—p)iav  yi

where () stands for the following averages:

_PiktPivik . UjkFUjpik . VikF+Vigik . PikF+ Ptk

o 5 = > C V== b 5
~ E+p . h o .
f=ttP p__P + @2 492,
p y—-1 2
where
(ow) ;i ©OV)jk — Pik ( 2 2
wjk= =t vi= T and = = D [Ej- 2 (w3003
Js Dk J Dk J 1.k 2 ik j.k

As in Appendix A, all of the (T) quantities have to have a subscript index, that is, (7) = (T) i+ which we omit for the sake
of brevity for all of the quantities except for A. We then compute the matrix R i+ 1k composed of the right eigenvectors of

AH%,k and obtain

1 1 0 1
T u 0 u+c
Rjpga=| ¥ 1 0
A, UtV A
H —uc 5 v H+uc
and
A2 52 a2 :
u N N
v +ﬂ —u—i v 1
2 2 2c
R-1 _1 2¢ —2H 21 20 =2
itk G —9é 0 é o]
/\2 /\ n
i24+92 0 A N
+ d’ —u+i -v 1
2 20 2c

where ¢ =2H — 2 — 92 and ¢ = /¥ p/p.

We then introduce the local characteristic variables in the neighborhood of (x, y) = (xj +1s Yi):
_ -1 gy i .
rgyk—RH_%,kUg'k, E—] 1,...,]+2.

Equipped with the values T';_j, T'jk, I'j41k, and I'j5 ,, we compute

k—Tj—1ik Tipik—Tj-1k 5 Fipie—Tjk
AX ’ 2AX ’ AXx ’

. I
(T'x) jk = minmod | 2 —
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and
Fjvix—Tjkx Tjrok—Tjk
Ax ’

r; _T:
(T'x) j+1,k = minmod (2 2 jH2.k ]+1,k> ,

2Ax AX

where the minmod function, defined in (2.7), is applied in the component-wise manner. We then use these slopes to
evaluate

Ax AX
FE’]{ =Tjr+ T(Fx)j,k and F‘ﬁl,k =Tji1k— 7(rx)j+1,k7

and finally obtain the corresponding point values of U by

EW EW
U =R. .1, I .
j+i JHak" jr Lk
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