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Abstract. We develop a new second-order unstaggered semidiscrete path-conservative central-
upwind (PCCU) scheme for ideal and shallow water magnetohydrodynamics (MHD) equations. The
new scheme possesses several important properties: it locally preserves the divergence-free constraint,
it does not rely on any (approximate) Riemann problem solver, and it robustly produces high-
resolution and nonoscillatory results. The derivation of the scheme is based on the Godunov—Powell
nonconservative modifications of the studied MHD systems. The local divergence-free property is
enforced by augmenting the modified systems with the evolution equations for the corresponding
derivatives of the magnetic field components. These derivatives are then used to design a special
piecewise linear reconstruction of the magnetic field, which guarantees a nonoscillatory nature of
the resulting scheme. In addition, the proposed PCCU discretization accounts for the jump of the
nonconservative product terms across cell interfaces, thereby ensuring stability. We test the proposed
PCCU scheme on several benchmarks for both ideal and shallow water MHD systems. The obtained
numerical results illustrate the performance of the new scheme, its robustness, and its ability not
only to achieve high resolution, but also to preserve the positivity of computed quantities such as
density, pressure, and water depth.
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1. Introduction. This paper focuses on developing a novel numerical method
for magnetohydrodynamic (MHD) systems, widely used in many applications, such
as astrophysics, plasma physics, space physics, and engineering. In these models,
fluid dynamics equations are coupled with the equations for the magnetic field, which
satisfies the divergence-free condition—a physically exact constraint, that is, if ini-
tially, the divergence of the magnetic field is zero, then it must remain zero for
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all times. When deriving numerical methods for MHD systems, the divergence-free
condition must be handled with care, as neglecting an identically zero divergence on a
discrete level may lead to severe numerical instabilities and /or nonphysical structures
in the numerical solution; see, e.g., [5, 6, 40, 58]. In addition, like other hyperbolic
systems of conservation and balance laws, the MHD systems typically develop very
complicated nonsmooth solution structures containing shock waves, rarefactions, and
contact discontinuities, as well as their interactions.

In the past few decades, various numerical techniques have been developed to
deal with the divergence-free constraint for MHD systems. An early effort in this
direction is the projection method [6], which is a postprocessing divergence correction
procedure that uses Hodge decomposition to project the non-divergence-free magnetic
field into a divergence-free subspace by solving an elliptic Poisson equation. Another
widely used approach is the constrained transport (CT) method, which was proposed
in [21] for simulating MHD flows. This method preserves a specific discrete version
of a divergence-free condition on staggered grids, and its variants were further de-
veloped by researchers within various frameworks; see, e.g., [5, 12, 17, 24, 46, 56, 66].
Unstaggered CT methods were also developed (see, e.g., [10, 29, 30, 47, 55]), and they
are usually based on numerically evolving the magnetic potential and computing the
divergence-free magnetic field through the (discrete) curl of the magnetic potential.
In addition, locally divergence-free discontinuous Galerkin methods that enforce the
zero divergence of the magnetic field within each cell were developed in [40, 67]. In re-
cent years, globally divergence-free high-order methods were also proposed to enforce
the exact zero divergence of the magnetic field within the finite-volume or (central)
discontinuous Galerkin framework; see, e.g., [2, 3, 4, 19, 22, 41, 42].

There is also a different class of schemes that reduce the divergence errors but
do not explicitly enforce any divergence-free constraint. In the context of the ideal
MHD equations, these methods, typically referred to as eight-wave methods, were
proposed by Powell et al. [51, 52, 53] based on a proper discretization of a modified,
nonconservative ideal MHD model. This model was first introduced by Godunov [26]
for entropy symmetrization. Compared to the conservative ideal MHD equations, the
modified model contains extra nonconservative source terms (referred to as Godunov—
Powell source terms in the following), which are proportional to the divergence of the
magnetic field. These source terms change the character of the MHD equations,
making the modified model Galilean invariant [14], symmetrizable [26], and better
equipped for the design of entropy stable schemes (see, e.g., [9, 16, 45]). In [51], it
was also noticed that the conservative ideal MHD equations are weakly hyperbolic,
and thus such source terms should be added to recover the missing eigenvector. As
demonstrated in [52, 53], the inclusion of the source terms ensures that the mag-
netic divergence is advected with the flow, and the numerical divergence errors are
also expected to be advected and would not accumulate. This makes the eight-wave
methods capable of controlling the divergence error, although certain drawbacks may
arise due to the nonconservative nature of the Godunov—Powell modified ideal MHD
equations; see [58]. As recently discovered in [62], a discrete divergence-free condi-
tion is closely related to the positivity-preserving property of numerical schemes for
the ideal MHD equations. Furthermore, locally divergence-free positivity-preserving
schemes [63, 64] for the Godunov-Powell modified ideal MHD model can be obtained
via geometric quasilinearization [65]. Another class of divergence-controlling schemes
is the so-called hyperbolic divergence-cleaning method [13], which introduces a mixed
hyperbolic-parabolic equation to damp the divergence errors away instead of enforcing
an exactly divergence-free magnetic field.

A variant of the MHD equations—known as the shallow water MHD system—has
also become a model of significant numerical interest over the last few decades; see,
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e.g., [39, 50, 69] and references therein. First introduced in the context of a solar
tachocline in [25] and now used in several astrophysical and geophysical contexts,
this variant is fully derived from the ideal MHD equations under the assumptions
of constant density and magnetohydrostatic equilibrium; see [15, 68]. An assortment
of numerical methods have additionally been explored to treat divergence errors for
this system—such as space-time conservation element and solution element (CE/SE)
methods in [1, 54], an evolution Galerkin scheme in [33], Roe-type schemes with hyper-
bolic divergence cleaning [32], and entropy-stable schemes in [18, 61], to name a few.

Despite these advances, devising highly accurate, stable, and at the same time
robust numerical methods capable of preserving the divergence-free condition at a
discrete level is still a challenging task. Our main goal is to develop such a scheme.
To this end, we consider the Godunov—Powell modified ideal and shallow water MHD
models and supplement them with additional equations obtained by differentiating
the magnetic field equations in space; the latter will help to ensure local divergence-
free conditions. The resulting augmented MHD systems will be nonconservative and
rather complicated to solve using an upwind numerical method, that is, a method
relying on a solution of (generalized) Riemann problems. Instead, we numerically solve
the augmented MHD systems using second-order unstaggered finite-volume Riemann-
problem-solver-free path-conservative central-upwind (PCCU) schemes, which were
introduced in [8] as a black-box solver for nonconservative hyperbolic systems of PDEs.
PCCU schemes are a path-conservative extension of the central-upwind (CU) schemes,
which were developed in [34, 35, 37] for general multidimensional hyperbolic systems
of conservation laws. We enforce the local divergence-free condition with the help of
a special piecewise linear reconstruction of the magnetic field variables. The resulting
scheme produces highly accurate and nonoscillatory results for ideal and shallow water
MHD systems.

The paper consists of two parts: In section 2, we study the ideal MHD equations,
while section 3 is devoted to the shallow water MHD system. The Godunov—Powell
modifications and the augmented forms of the studied systems are presented in sec-
tions 2.1 and 3.1, the new numerical methods for the resulting augmented systems
are introduced in sections 2.2 and 3.2, and the results of the preformed numerical
experiments are reported in sections 2.3 and 3.3. We conclude the paper and discuss
some of our future research plans in section 4.

2. Ideal MHD equations.

2.1. Governing equations. The ideal MHD equations read as
pe+ V- (pu) =0,

(pu) + V- [puuT + (p+ %\b|2)1 - bbT] =0,

b — V x (uxb)=0,

E 4V [(5+p+ %|b|2)uf b(u.b)} —0,

(2.1)

where t represents the time, p is the density, p is the pressure, u = (u,v,w) " represents
the fluid velocity, b = (by,by,b3)" is the magnetic field, and & is the total energy.
Additionally, I is the 3 x 3 identity matrix, v represents the ratio of specific heats,
and, finally, the system is completed through the equation of state (EOS)

p P2 1o
2.2 e — - — b
(2.2) & 7_1+2|u|+2\\,
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where | - | represents the Euclidean norm. It is easy to show that
(2.3) V-b=0,

as long as initially the magnetic field is divergence-free.

As mentioned in section 1, we follow a commonly used approach and, instead
of considering (2.1), we develop a new numerical method for the Godunov—Powell
modified ideal MHD equations:

pt+ V- (pu)=0,

(pu)e+V - [puuT + (p+ %|b|2)l—bbq =-b(V-b),
b: = Vx(uxb)=—-u(V-b),

E+ V- [(&+p+ SIbP)u—blu-b)] = —(u-b)(V b).

which is closed with the help of the same EOS (2.2). Note that, theoretically, the
Godunov-Powell source terms —b(V - b), —u(V - b), and —(u - b)(V - b) on the right-
hand side (RHS) of (2.4) are zero due to the divergence-free condition (2.3). However,
when numerically solving (2.4) with EOS (2.2), these added relaxation terms help to
reduce the divergence errors and enhance the robustness; see, e.g., [23, 31, 52, 53, 60,
63, 64]. It is worth noting that although our proposed schemes are locally divergence-
free, there are jumps of normal magnetic components across cell interfaces, and the
inclusion of these extra source terms can help to control the (weak) divergence errors
at cell interfaces.

In this paper, we restrict our attention to the 2-D case, where all the quantities
of interest depend on the spatial variables z and y and time ¢ only. In this case, the
divergence-free condition (2.3) reads as (b1), + (b2), = 0 and one of the goals in the
development of a good numerical method for the ideal MHD system (2.4), (2.2) is to
enforce this condition at the discrete level. In order to achieve this goal, we introduce
the new variables A := (1), and B := (b2), and differentiate the induction equation
for b; and by in (2.4) with respect to  and y, respectively, to obtain the following
two evolution equations for A and B:

At —+ (UA — bguy)x -+ (’UA —+ blvm)y = O,
By + (uB +bauy), + (vB = bivg) =0.

x

(2.4)

(2.5)

From now on, we will add these equations to the Godunov—Powell modified ideal
MHD equations and will numerically solve the augmented system (2.4)—(2.5), (2.2).
Even though the number of equations to be discretized has been increased, adding
the equations in (2.5) makes it easier to control the divergence-free constraint, which
now reads as A+ B =0.

Before introducing the numerical method, we write the augmented ideal MHD
system (2.4)—(2.5) in the following vector form:

(2.6) Ui+ FU).+GU), =QU)U, +RU)U,,
where U = (p7puapv7pwub13b27b3757A7B)T7
2 Lo2 o
F(U):(pu,pu +p+ §|b| — b1, puv — b1ba, puw — b1 b3, 0, uby — vby,

(2.7) 1y T
ubs — wbq, (5 +p+ §|b| )u— (u-b)bl,uA—bguy,uB—i—bguy) ,
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1
GU)= (py,puv —biby, pv* +p+ §|b|2 — b3, pvw — babs, vby — ubs, 0,

(2.8) 1. T
vbg,—wb%(é’—%—p—i— §|b| )v—(u~b)bg,vA—l—blvmvB—blvx,) ,

[
oo ©
W N

|
<

(29 QM)

|
coocoocococoocoocoococcoocococoocococoo
L
g <

[
g
S

s}
OO DO OO OO O OO

(210) R(U)=

OO OO OO OO0 OO OO oCcOo oo

[=NeleleoBoBeNeoloBeoBeoloRoNoNeNeNoNo N No Mol

S OO OO OO OO0 OO OO o oo oo
[an}

S OO OO OO OO0 OO OO O o oo oo

O OO OO OO OO0 OO0 OO oo oo

OO OO OO DO OO DO DDODODODOoOODODO OO

S OO OO OO OO0 OO OO o oo oo

cCoocoocoocoocoo
|
S

2.2. Numerical method. We introduce a uniform Cartesian mesh consisting
of the finite-volume cells Cjp = [z;_1,2;, 1] X [yk—%a?{k+§] with 2, 1 —2; 1 = Ax
and Yerd = Up—1 = Ay. We assume that at a certain time level ¢, the computed
solution realized in terms of its cell averages,

1
N —— t)dxd
UJJC AJSAy/ch U(il',y, ) xrday,

is available. Notice that the dependence of ﬁﬁk and many other indexed quantities
on t is omitted here and throughout the rest of the paper for the sake of brevity.

The cell averages ﬁj,k are evolved in time by implementing a dimension-by-
dimension extension of the PCCU scheme from [8], which results in the following
semidiscretization of (2.6)—(2.10):

d — 1
—Uip=——-|Fii1,, —Fi_ 1, —Q;
de o Ax J+3.k J—5:k Jk
+ —
ST N
j—3,k jt+3.k
(2.11) -7 —Quj 1pt 7 — Qujiix
sT 1, —8. 4 2 ST ., —8. 4 2
J—gk  Ti—gk j+3.k  Titik
1
T Ay Ginet —Gin-1 — Ry
+ —_
ST, S .1
Jk—3 Jrk+35
T e PBegest T Rejeg|
Jk=3  Tik—3 Jktz Tikts
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Here,
+ E\ _ _— W
F B sy FUG) =85 F UG )
Jtgk = st s
j+3ik Jt+3.k
+ —
sT . .8.
j+5.k7i+35.k W E
(2.12) g (U~ Ul)»
3k Titgk
+ Ny - S
g B 11 GUG) =5, 1 G (U
Jk+3 = st — 5T
Gk4+L T Zik+d

+ —
S . S .
P N (

st -8, U?’kﬂ a UEk)
Jik+3 Jik+ %
are the CU numerical fluxes from [38], Ui’kw’ NS are the reconstructed point values
at the cell interfaces of cell Cj (see section 2.2.1 for details), Sji+l , and s]j,EkJrl
are the one-sided local speeds of propagation in the z- and y—directioﬁé7 respectfvelil
(see section 2.2.2 for details), and Q; ;, R;4, Q\I!,j-&-%,kv and R‘I’,j,k+é denote the
discretizations of the nonconservative products on the RHS of (2.6) (see section 2.2.3
for details).

We point out that (2.11) is a system of ODEs, which should be numerically inte-
grated in time by an appropriate ODE solver. In the numerical experiments reported
in section 2.3, we have used the explicit three-stage third-order strong stability pre-
serving (SSP) Runge-Kutta method; see, e.g., [27, 28]; and, to ensure stability, we
meet the following CFL condition:

Az Ay

(2.13) At <n-min ,

+ - ’ + -
I?ix{sﬁé,k’sﬁ%,k} I?%X{Sj,k%’sj,m%}
where 7 denotes the CFL number, which must not exceed a value of 0.5. This is
a standard CFL restriction for the CU schemes. However, in order to ensure the

positivity of the computed values of p (and h in the shallow water system considered
in section 3 below) one needs to take a smaller CFL number 7 = 0.25; see, e.g., [36].

_ 2.2.1. Piecewise linear reconstruction. Equipped with the cell averages
U, we first use the EOS (2.2) and compute the approximate point values of u,
v, w, and p at the cell centers:

_ (pu)jk S (PV) ).k S (P0); k

Ujfe=——" k= —"" k==
75 ’ J5 ’ Js
Pk Pjk Pjk

)

= 1_ 1/ — — _
Pik=0—1)|Ejr— 5 Pk (Uik + ng',k + wgzk) 3 ((bl)ik + (bQ)?,k + (bS)?,k)]'
We then introduce a new set of discrete variables,

W ko= (D o gk Vs Wy ks (01) 5.5 (02) s (B3) ks Pk Ao Bik) T

. . E, W, N . .
and compute the cell interface point values W p ,kw, '8 using a proper conservative

piecewise linear reconstruction,

(2.14)  W(z,y)=Wir+Wa)jk(@—z;) + (Wy)jky—ur), (2,9)€Cir,
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which results in

Az Ax
W5 =W, + Wa)je— Wi =W, — Wa)jk—

(2.15) N Ay S Ay
Wir=Wijr+ (Wy)j,kja Wii=Wik— (Wy)j,kj-

In order for (2.14) to be second-order accurate, the slopes (W), and (W), k
have to be at least first-order approximations of W (z;,yx) and W (x;,yx), re-
spectively. The nonoscillatory nature of the piecewise linear reconstruction (2.14) is
typically ensured with the help of a nonlinear limiter. To all of the components of
W, we compute the slopes (except for ((b1)g);x and ((b2)y); %) using the generalized
minmod limiter (see, e.g., [43, 48, 57]):

. W.(i) — W.(i W,(i) _ W_(i)
(DY., —mi gk j—1,k j+1,k -1,k
(W3*),k = minmod <9 A, ’ o :
(4) (1)
’ WHIZ_ ”) L i#5,
T
(2.16) _
‘ W_(z) - W_(z) W_(z) B W(’L)
Y. —mi J)k k=1 g, k41 G k—1
(W,") .k = minmod <0 Ay , iy ,
9 —2 k+1 i,k
Ay , 1#6,

where the minmod function is defined by
min(ay,as,...) if a; >0 Vi,
(2.17) minmod(ay,az,...) = ¢ max(ay,as,...) if a; <0 Vi,
0 otherwise.
The slopes ((b1)z);% and ((b2)y);.x, however, should not be computed using the
generalized minmod limiter or any other conventional limiter as our goal is to enforce

local divergence-free condition (2.3), which at the discrete level reads as ((b1)z);k +
((b2)y) ;6 =0 for all j, k. This goal can be achieved if we set

(2.18) ((b1)z)jk= Ajr and  ((b2)y)jk = Bj,
since
(2.19) Aji+ Bjk=0

is true for all j, k, provided (2.19) is satisfied at time ¢ = 0; see Theorem 2.2 in
section 2.2.4.

While the use of (2.18) guarantees the local discrete divergence-free condition,
the resulting reconstruction of b; and by may be oscillatory in the x- and y-directions,
respectively. As we have observed in several numerical experiments, this often leads
to an oscillatory numerical solution. We, therefore, adjust the slopes in (2.18) by
scaling them as follows. - -

We begin by introducing the auxiliary slopes ((b1),);x and ((b2),,);k, which are
computed using the aforementioned generalized minmod reconstruction. The recon-
structions of b; and by can then be made both nonoscillatory and locally divergence-
free by replacing (2.18) with

(2.20) ((b1)2)jk =04k Ajr,  ((02)y)jk =ik Bk
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where
(2.21) Uj7k:min{l,oik,0§”k}

and the scaling factors o} and O’;-I,k are computed by

min {1, ((bl)z)]k} if ((/bl\)w)j,kzﬂ'»k >0,

(2.22) o7y = A,
0 otherwise
and
(ORI
(2.23) oY, = min {L Byk} if ((b2),,)jk Bjx >0,
I s
0 otherwise.

Finally, equipped with (2.15), we use the EOS (2.2) to compute the cell interface
point values 5j’,’€w’ NS as follows:

4
p; 1
oy Ty T (06 (57 ()
' 1
5 (@077 + (2)54)" + () 0)°] . e {BW.N,S).

Remark 2.1. We note that we have reconstructed the primitive variables u, v,
w, and p rather than the conservative variables pu, pv, pw, and £ since our numer-
ical experiments clearly indicate that the resulting scheme, which is based on the
reconstruction of the primitive variables, is less oscillatory and produces no negative
pressure values.

It is important to point out that the ninth and tenth components of the fluxes
F(U;%W)) and G(U;\f,(cs)) depend not only on the corresponding point values of u, v,
A, B, by, and bs, but also on the point values of the derivatives (uy);ach) and (vm)i,(cs).
We compute these values using first-order approximation, namely, we set

S
(uy)ih = (uy)is ()i = (uy)ies (Vo)jn = Vo), (V2)jx = (va)jiks

where the slopes (uy);, and (vs); % are computed by (2.16). Notice that even though
this will result in the first-order approximation of the auxiliary variables A and B,
the other components of U will still be computed with the second order, and thus the
second-order accuracy of the resulting scheme will not be affected.

2.2.2. One-sided speeds of propagation. Equipped with the reconstructed
point values (2.15) and (2.24), we now proceed with the computation of the one-
sided local speeds of propagation Si—l , and Sj[k+l seen in (2.11) and (2.12). We
stress that when the PCCU schemes are applied7 to 2generaﬂ nonconservative systems
of type (2.6), the z- and y-directional speeds would typically be estimated using the
largest and smallest eigenvalues of the matrices g—E(U) —Q(U) and %(U) - R(U),
respectively. However, it is known (see, e.g., [20]) that in the context of the ideal
MHD system (2.6)—(2.10), the estimates, which are solely based on the eigenvalues

mentioned above, may be inaccurate and using them may lead to severe instabilities.
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We therefore follow [64], where the propagation speeds were slightly overestimated
to ensure the positivity of both the computed density and pressure, and estimate the
right- and left-sided local speeds in the z-direction by

+ Roe E x
$j+%7k_max{max{u]k, uits k}—|—cj7k+5j+;k,
max {ujy j,u; uiy k}+cg+1k+ﬁj+ o }
— _ . . E Roe _ _
sj+%7k—mln{mln{uj’k,uj_i_%’k} C‘,k Bj-i—%,k’

mln{unglkv + k} j+1k Bf+§7k70}’

where
E E W W
roe YR\ Pik T UL R Pk ik = b k‘
Yitd e = E W By E W
\VPik T Piv1k Pik T/ Pit1k
E(W) . .
and ;) = are the fast magnetoacoustic wave speeds computed using

E(W)

gk

2 2
+\/ (71)] e+ ’b%w) ) 47pE(W)((b1)f,§cw)) 1

Similarly, we estimate the corresponding y-directional speeds by

( E(W)) 1
ik - E(W)
2p;

s;fk_%:max{max{v}\fk, ijr }—i—c k+5 bt
maX{Ujs,k+1>"Uj k+;} + Cj,k—s-l Jrﬁj Jado O},
5;k+2 mln{mln{vj ks fgi } Jk+
mln{U]k-i-lv jk‘+ } ],k—&-l ﬁj,k+%’0}’
where
pRoe . Uk pngrvfsvk“m BY ‘b yk+1’

Jk+s T N S v Pkl ’
\VPik T Pik VPok TP

j ki - N(S
’ 20}

N(S)

s N(S N(S N(S)) 2
\/(%;i’ﬂb v > *47p()((bz)j,;(f)) :

2.2.3. Discretization of the nonconservative products. In this section, we
provide the computation of the nonconservative product terms in (2.11).

Following [8] (see also [11]), we obtain nonconservative terms in the x-direction,
Q; and Q¢,7j+%7k, as follows. First, in order to compute the term Q, ;, we take a

P;
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global (in space) interpolant U(W(x,y)), where W is given by (2.14), and evaluate
the integral in

Q= [ QUW ) U g,

where Q(U) is defined as in (2.9), exactly. This results in the following expressions
for the ten components of the vector Q; :

10
Q=0 =0 =0,
Tivdl — _
ngk = */ “bic1 (@) (b)o) gk do = —(bim1)jk0j 0 Ajpdz, i=2,3,4,

Tivd —
(foia Q). Qm) = —/ Sz, ye) (b1)2) i do = —uj o Aj R A,

i—

[

1

Qi =- / ) B ) ()2 dr = [ (i by
(Ax)?

Jr12

{(ua)j ko Aj e+ (0a) . ((b2)2) .k + (W) i )ik} )} 0k AjRAT,

where we have used the slopes ((b1)z);,x given by (2.20)-(2.23), while the other slopes
are computed as in (2.16)—(2.17).
Next, the terms Qg ; 41k are computed by the exact integration of

1
Quira= [ QU 0() W,y (o) ds.
where W; 1 ,(s) is a linear path connecting the states W?k and Wﬂm:
W) =W (W, - W),
This results in
QEI, J+3.k Qsﬁ)j-i-% k Q$0j)+2,/c 0,
1
Q= [ G (@ ak = ir)0)} Bl s

1

=3 ((i1)5e + (im) i) a2y 1=2,3,4,

(7)
(Q T kaqf g+t k’Q\IJ,jJr;,k) / {“Jk+5 j+1k T )}[bl]ﬂ- xds
1
=75 (“j,k + uj+1,k) [bl]j—&-%,ka

8
QEI’)j+2,k /{uak"'S Uity — ?k)}'{bEk‘Fs(bﬁlk bE)}[bl]jJr%vkds

1

_ w E W A%
~ 6 (2“7'& byt gy by g bR 2ugl bj+17k) [b1]j+4 60

where [b1];1 = (b1) 1 s — (b1)Fk
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Similarly, we obtain the following formulae for the nonconservative terms in the
y-direction, R; and Ry ;1

R =R =RY =0, RY) =—(b;_1);u0,.Bjxly, =234,
T —
(R0 ALY a0 B

Ay)? —
R = - {(um “bjk+ % {(g)sk ((br)y) sk + (05056 B

()i ((8))s0} ) o Bisy,

where we have used the slopes ((b2)y);,x given by (2.20)—(2.23), while the other slopes
are computed as in (2.16)—(2.17), and

REIi,)j,kJr% - REI?,)j,kJr% - Rsli?j),k% =0,

foi),j,mé - _% ((bim)fik + (0im1)F k) [b2)j sy, 0=2,3,4,
(REIS),)j,k+%’R$,)j,k+%7R$,)j7k+%)T B _% (ué\lk - uikﬂ) s

Rsﬁ?j,kJr% - 7% (QU% OR F Ul By b g b 2uf 'bfs"k“) el iy

where [b2]j,k+% = ((b2)js,k+1 - (bQ);\{k)'
2.2.4. Local divergence-free property. We now prove the local divergence-

free property of the proposed PCCU scheme.

THEOREM 2.2. For the PCCU scheme (2.11)—(2.12) with the reconstruction de-
scribed in section 2.2.1, the local divergence-free condition

(2.25) ((61)2); + (b)), =0

holds for all j,k and at all times, provided it is satisfied initially.
Proof. First, we note that according to (2.20),

((b1)a) ;5 + ((b2)y) ;= 0sk (Ajn + Bik) -

Therefore, in order to prove (2.25), it is sufficient to show that Zj,k + thk =0 for all
j,k and for all times assuming that it is satisfied at the initial time ¢t =0.

We then observe that the quantities 4; ; and B, ;. are the ninth and tenth compo-
nents of ﬁjyk, and thus they are evolved in time by numerically integrating the ninth
and tenth components of (2.11)—(2.12). Adding these components in (2.11) results in

d 7 B 1 (9) (9) (10) (10)
596 a (Ajr+ Bjg)=— s [}‘,%k - }'j_%k + ]:j-i-%,k - ]:’—%,k
220 _Lfgm _go guo 0o
Ay |Tikt+s Tik—3 T Tikts Tik-3 |

In order to complete the proof, it is sufficient to show that the RHS of (2.26) vanishes
as long as A, + B, =0 for all j,k. To this end, we use (2.12) to evaluate
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(9) (9) (10) (10)
}-j—&-%.,k _]:j—%.,k +]:j+%,k N }—j—%,k
S [“?k (Affk + Bfk)} TSk [Uﬂl,k (AJV'YH,k + Bﬂl,kﬂ
= +
S

! — 5.
J+ik itk
+ —

s’ s
Jt+5.k"j+5 .k
+—
st —s7,

Jjt+3.k Jjt+3.k

(A1 + Bl k) — (AP, + BE,) |

215 Sjtik 5. . A B+ 28
= Jr]% U£k<Aj,k+ 5 (Ax)j,k+Bj,k+7(B$)jv’f>
Sirdm T itk
57 1 [ J— A B5) A
+1k r a
_ ﬁ ul g (Aj+1,k = (Aa)jrie + Bisie = Q(BI)J‘“”“)}
jtsk Titgk -
+ - -
ST 1,5, 1 o A — A
+1 k%541 k x i
RRSMAS Laris LS P v 7(Az)j+1,k+ Bjtik — Q(BI)J'HJC}
Sivie ~ Tiate b
+ - -
Sii1pSiia — A = A
+1 k%541 k z x
—_ Jrjz—J_z Ajr+ 5 (Az)jk + Bjx + 2(3:8)1'7’6}
Sibe T b b

Y { ST [ (A + (Ba)sd) | + 57y 4 [ ()i + (Ba)sia)]
_ Az SR
2 Stk Tithk
Sj++é7ks;+%,k
- I (A gk (Ba)je + (Aa)s + (Ba)i] ¢
Sjttk T itk

where the last equality is obtained using Zj,k + Ejj@ = ZjJrl,k + §j+17k =0.
It is now clear that }—;i)l 5= ]:;'Li)l T f;}rol) e f;iol) ., Will be identically zero as
2 2 2 2
long as

(2.27) (Az)jk + (Ba)je =0

for all j,k. Indeed, (2.27) is true since Zj,k = —Ej’k for all j,k and both the slopes
(Az)jk and (By); , are computed using the same limiter (2.16).
Similarly, one can show that g@ . — g(,g) L+ Q(.lo) 1 — g(,“” . =0, so that the
Jk+35 J.k—3 Jk+3 Jk—3
RHS of (2.26) vanishes, and thus the proof of the theorem is complete. d

2.3. Numerical examples. In this section, we demonstrate the performance
of the proposed PCCU scheme in several numerical experiments conducted for the
augmented 2-D ideal MHD system (2.6)-(2.10), (2.2). In all of the examples in this
section, we follow the CFL condition in (2.13) and take the CFL number n = 0.25 and
the minmod parameter 6 =1.3.

Ezxzample 1—Brio—Wu shock-tube problem. In the first example, we consider the
one-dimensional (1-D) Riemann problem known as the Brio-Wu shock-tube problem,
originally presented in [7]. This problem is the standard test for capturing compound
waves that emerge as solutions of the ideal MHD system. We take the following initial
data, which depend on x only:

~[(1,0,0,0,0.75,1,0,1), <0,
(2,9,0)

sy Wy Uy ?b ’b ’b ? i
(psu; v, w, b1, b2, b3, p) (0.125,0,0,0,0.75,~1,0,0.1)  otherwise.
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bi(z,y=0)

0.78

0.77

0.76

0.75

0.74

0.73

-0.4 0 0.4 0.8 -0.4 0 0.4 0.8

Fi1G. 2.1. Ezample 1: p, b1, and ba computed by the PCCU scheme on 200 X 2 (red circles) and
1600 x 16 (solid black line) uniform meshes.

We set the free boundary conditions on all sides of the computational domain [—1, 1] x
[—0.01,0.01]. The specific heat ratio is v =2 in this example.

In Figure 2.1, we plot the y = 0 cross-section of the density p, xz-magnetic field
b1, and y-magnetic field bs computed on 200 x 2 and 1600 x 16 uniform meshes at
time t = 0.2. As one can see, the solution to this 1-D Riemann problem consists of
several nonsmooth structures, such as rarefaction waves, shocks traveling at various
speeds, a contact discontinuity, and a compound shock wave. The proposed PCCU
scheme captures all of these complicated structures well, even on a coarser mesh, and
the obtained results strongly agree with those reported in [19, 23, 40, 42, 45].

Example 2—circularly polarized Alfvén wave. In the second example, taken from
[58], we consider the time evolution of a circularly polarized Alfvén wave that travels
at a constant speed at an angle of « = 7/6 with respect to the z-axis. The initial
conditions are

p(z,y,0) =1, u(z,y,0) = v cosa+vysina, v(z,y,0)=vsina — v cosa,

p(z,y,0)=0.1, bi(z,y,0)=bjcosa+by sina, ba(r,y,0)=>bysina— by cosa,
w(z,y,0) =bs(z,y,0) =0.1cos [27(z cos o + ysin )],
where
v =0, by=1, vy =>b, =0.1sin[2r(zcosa+ysina)].

We use a specific heat ratio v = 5/3, take the computational domain [0,1/cosa] x
[0,1/sina], and prescribe the periodic boundary conditions in both the z- and y-
directions. It is easy to show that the solution of the resulting initial-boundary value
problem is a traveling wave, which returns to its initial position at any integer t.

We compute the solution on an N x N uniform mesh and compute the L!-errors
when the solution reaches the final time ¢ = 5. Both the errors and corresponding
experimental rates of convergence for u and b3 are presented in Table 2.1. From this
data, one can see that the proposed scheme does indeed achieve the expected second
order of accuracy.

Ezample 3—O0rszag-Tang vorter problem. In this example, we consider the
Orszag—Tang vortex problem, which was introduced in [49] and has been widely used
as a benchmark due to the formation and interaction of multiple shocks as the system
evolves in time and to the presence of many important features of MHD turbulence;
see, e.g., [19, 41, 42, 44, 67]. The initial conditions for this problem read as
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TABLE 2.1

A2011

Ezample 2: L'-errors for u and bz and the corresponding experimental rates of convergence.

N [|[u(z,y,5) —u(z,y,0)|1 Rate [[b3(x,y,5) — ba(z,y,0)|1 Rate
20 1.96e-02 — 4.24e-02 —

40 4.63e-03 2.08 1.10e-02 1.95
80 1.47e-03 1.65 3.48e-03 1.66
160 3.88e-04 1.92 9.24e-04 1.91
320 9.34e-05 2.06 2.20e-04 2.07

Fic. 2.2. Example 3: Fluid density p computed by the proposed PCCU scheme at different times.
40 equally spaced contours are used in each plot with the ranges [2.11,5.83], [0.63,6.17], [1.29,6.12],
and [1.25,5.8], respectively.

pla,y,0) =77,
b1<$,y70) = - Sil’ly,

u(z,y,0) = —siny,
ba(w,y,0) =sin(2z), bz(z,y,0)=0, p(r,y,0)=",

v(z,y,0) =sinz,

w(z,y,0)

=0,

where v =5/3 is the specific heat ratio. We set the periodic boundary conditions on
all sides of the computational domain [0, 27] x [0, 27].

The time evolution of the fluid density p computed on a uniform 200 x 200 mesh
is shown at times ¢t = 0.5, 2, 3, and 4 in Figure 2.2. We observe that the numerical
solution computed by the proposed PCCU scheme remains stable and is consistent
with previous results presented in [41, 42, 44, 67], demonstrating the ability of our
scheme to capture both smooth flows and shocks.

Ezxzample 4—rotor problem. Next, we consider the “second rotor problem” from
[5, 58], referred to as the rotor problem in this paper. This commonly used benchmark
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problem describes a rapidly rotating disk of dense fluid centered in a background of
static fluid. Over time, the disk expands and rotates. The initial conditions are

given by
<107 0,5y’930.5> , r<0.1,
To To
()| = <1 Lo, A(O'i* y) Az - 0'5)> . 0.1<r<0.115,
(1,0,0), r>0.115,

UJ(l‘,y,O):bQ(I,y,O):bg(IJ,y,O)EO, bl(z7y70) :O5a

= %, p(z,y,0)=
where 7 = /(z —0.5)2 + (y — 0.5)2 and A = (0.115 — r)/0.015. We take the specific
heat ratio v = 5/3 and use the periodic boundary conditions on all sides of the
computational domain [0, 1] x [0, 1].

In Figure 2.3, we show the fluid density p, pressure p, Mach number |u|/cs (where
¢s = +/yp/p is the speed of sound), and magnetic pressure |b|2/ 2 computed on a uni-
form 200 x 200 mesh at time ¢t = 0.295. We note that our results are in good agreement
with those reported in, e.g., [42, 44, 58]. In addition, it is emphasized in [5, 44, 58]
that, due to rapid changes at the center of the rotation, many numerical methods
produce oscillations or negative pressure values. We stress that during numerical sim-
ulations, we have not observed any oscillations, and the proposed PCCU scheme has
produced no negative values of the computed pressure. The oscillation-free feature is

J/)
0.75 0.75
0.5 0.5
0.25 0.25
|b|?/2
0.75 0.75
0.5 0.5
0.25 0.25
0.25 0.25 0.5 0.75

F1G. 2.3. Ezample 4: Fluid density p, pressure p, Mach number |u|/cs, and magnetic pressure
|b|2/2 computed by the proposed PCCU scheme. 40 equally spaced contours are used in each plot
with the ranges [0.71,8.95], [0.01,0.78], [0,2.9], and [0.02,0.65], respectively.
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ul/cs

[ul/ecs

=
)
.6

0.4 0.5

Fic. 2.4. Example 4: Zoom-in of the center of the Mach number plots computed on a 400 x 400
mesh without any divergence-free treatment (left), on a 400 x 400 mesh using the proposed scheme
(middle), and on a 800 x 800 mesh using the proposed scheme (right). 40 equally spaced contours in
the range [0,2.9] are used in each plot.

further illustrated in Figure 2.4, where we zoom in on the center of the Mach number
computed with our proposed scheme (middle and right panels), creating oscillation-
free solutions, and the analogous CU scheme (see, e.g., [37]) without any divergence-
free treatment (left panel), which returns a solution with clear spurious oscillations.

Ezxzample 5—blast problem. In this example, we consider the blast problem, first
introduced in [5]. This benchmark problem is seen in a number of studies (see, e.g.,
[41, 42, 44, 67]) and is considered a challenge due to the low gas pressure and strong
magnetosonic shocks. Negative pressures are easily produced near the shocks; see
[41, 42] and references therein. The initial conditions are

- (1,0,0,0,1()0,0,0),

(pauvvawvblab27b3)

©,y,0) Var
1000, +/x2+y2<0.1,
p(x,y,0) = .
0.1 otherwise.

We take the specific heat ratio v = 1.4 and use zero-order extrapolation on the bound-
aries of the computational domain [—0.5,0.5] x [—-0.5,0.5].

The fluid density p, pressure p, magnitude of velocity |u|, and magnetic pressure
|b|2 /2 computed by the proposed PCCU scheme on a 200 x 200 uniform mesh at
t = 0.01 are depicted in Figure 2.5. Additionally, the numerical experimentation of
the proposed method resulted in positive pressure values throughout the entire com-
putational domain, returning a minimum pressure of 0.10. Positive pressure values
are also completely maintained when running the blast problem on a refined 400 x 400
uniform grid (the fine mesh results are not shown here for brevity).

3. Shallow water MHD.

3.1. Governing equations. In this section, we study the modified Godunov—
Powell shallow water MHD system, which reads as

hy + (hu)g + (hv), =0,

(hu)s + (hu2 n ghQ - ha2) + (huv — hab), = —a[(ha)s + (hb),],
(31)  (hv);+ (huv — hab), + (hv2 + %hQ - hb2) = —b[(ha), + (hb),],
(ha): + (hbu — hav), = —u[(ha), + (hb)y],
(hb)¢ + (hav — hbu), = —v [(ha), + (hb),] .
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— .

0.25 0.25
0 0
-0.25 -0.25

-0.25 0 0.25 -0.25 0 0.25

b[?/2

0.25 0.25
0 0
-0.25 -0.25

-0.25 0 0.25 -0.25 0 0.25

F1G. 2.5. Ezample 5: Fluid density p, pressure p, velocity magnitude |u|, and magnetic pressure
|b|2/2 computed by the proposed PCCU scheme. 40 equally spaced contours are used in each plot
with the ranges [0.22,4.09], [0.10,250], [0,16.77], and [215, 588], respectively.

Here, h is the fluid thickness, u and v represent the x- and y-velocity, (a,b)' is the
reduced magnetic field, which has units of velocity, and ¢ is the acceleration due to
gravity. As in the ideal MHD system considered in section 2, one can easily show that

(3.2) (ha), + (hb), =0

as long as the field (ha,hb)T is initially divergence-free. Therefore, the Godunov—
Powell source terms on the RHS of (3.1) are theoretically zero. Still, they are added to
the original shallow water MHD system to help enforce the divergence-free constraint
(3.2) numerically; see, e.g., [32, 33, 61].

In order to develop a locally divergence-free numerical method for the system
(3.1), this divergence constraint (3.2) must be enforced on the discrete level. As
in section 2, we achieve this goal by introducing the new variables A := (ha), and
B := (hb),,, differentiating the induction equation in (3.1) with respect to = and y,

and obtaining the following equations for A and B:

A+ (uA - hbuy)m + (vA+ havz)y =0,
3.3

(3.3) By + (uB + hbuy)  + (vB — hav,) =0,

which are then added to the studied system (3.1).
Prior to introducing the numerical method for the augmented system (3.1), (3.3),
we write it in the vector form

(3.4) U +FU),+GU),=QU)U,+RU)U,,
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where U := (h, hu, hv,ha,hb, A, B) T,
F(U) = (hu, hu* + %th — ha?*, huv — hab, 0, hbu — hav,uA — hbu,, uB + hbuy)T,

GU)= (hv, huv — hab, hv? + ghz — hb?, hav — hbu,0,vA + havy,vB — hav,, )T,

000 0 0O0O 0000 0 00
000 —a 000 0000 —a 00
000 b 00 O 0000 b 00
QU)=[0 00 —w 00 0|, RU=|0000 —u 00
000 —v 000 0000 —v 00
000 0 0O0O 0000 0 00
000 0 0O0O 0000 0 00

3.2. Numerical method. We now extend the PCCU scheme developed in sec-
tion 2.2 to the shallow water MHD system.

Following the notation from section 2.2, the semidiscrete PCCU scheme still reads
as (2.11)—(2.12), and the resulting system of ODEs is to be numerically integrated us-
ing an appropriate ODE solver, for instance, the three-stage third-order SSP Runge-
Kutta method, which we have used in the numerical experiments reported in sec-
tion 3.3.

In sections 3.2.1, 3.2.2, and 3.2.3 below, we focus on details of the scheme, which
are different from the ideal MHD case.

3.2.1. Piecewise linear reconstruction. A piecewise linear reconstruction is
performed for the discrete variables

W o= (R, wjges 0k, (ha) j iy (AD)j ks A, Big) T

where u; ), 1= (W)J‘,k/gj . and vj i ::H)j,k/gj .- We then calculate cell interface values

Wﬁ’kw’ NS using (2.15). The slopes (ngz))jyk for i # 4 and (ngz))jyk for i # 5 are
computed using the generalized minmod limiter as in (2.16)—(2.17).

As in the ideal MHD case, the slopes ((ha),);x and ((hb),);, are computed in a
way that allows one to enforce the local discrete divergence-free condition ((ha)y),k—+
((hbd)y);x =0 for all j,k. To this end, we proceed as in section 2.2.1 and set

((ha)z)jk =ik Ajk,  ((BD)y)jk =04k Bk,
where
0k =min {1703-”7,@,0]%},

—

min {1, ((Z)“)““} if ((ha)s)jx Ajk >0,

Ok = 3.k
0 otherwise,
. W)l e —
oY mm{l,((B)y:j’k} if ((hb)y)jx Bjk >0,
gk J,
0 otherwise,

and ((h/\a)x) ;. and ((ﬁZ)y) j.k are computed using the generalized minmod reconstruc-
tion as in (2.16)—(2.17).
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3.2.2. One-sided speeds of propagation. We point out that in the shallow
water MHD case, computing the one-sided speeds si_ 1k and sfk i1 needed in the
semidiscretization (2.11)—(2.12), is significantly easier than in the ideal MHD case.
We follow the general recipe and estimate the z- and y-directional speeds using the
largest and smallest eigenvalues of the matrices 22 (U) — Q(U) and %(U) - R(U),

ou
respectively. This results in

+ _ E E \2 E W W 2 W

S5jp1p — Max {“Jyk +/(af)” + ghl uit s, + \/(“j+1,k) + gh ks O} ;
_ _ . E E 2 B W W 2 W

Sj4d,k = TN {“j,k =V (@58)” + 9P wia e — \/(“j+1,k) tghi g 0} )
+ _ N N \2 N .S S 2 S

iy T AR {Uj”“ +/ (Bk)” + 9hji vy kg + \/(bj,k+1) T 9h3 g1 O} ’

_ . 2 S 2
Sjhy T IR {UT’“ = ()" + 9l vy — \/(bjsykﬂ) +gh5 s 0} '

2

3.2.3. Discretization of nonconservative products. In order to evaluate the
contribution of the nonconservative terms Q(U)U ,, appearing on the RHS of (3.4), we
again follow along the lines of [8, 11] and evaluate the corresponding integrals exactly:

(1) _ ~H6) _ ~(7) _ ~(1) —_ N6 _ ™ _
Qj,k - Qj,k - Qj,k - Q‘If,j+%,k - Q\I},j—&-%,k - Q\Il,j+%,k =0,

Ti+d ;L\(/l T,y
QR =— [ R (1)), s

j,% h‘(xvyk‘)
— ajka'j#ij’kAfE, (hz)j’k :O7
= ((ha)jr(he)jn — hikoir Ajk (haEk>

i A ) ) kY3, kg [ 22k

= ( (7)) D

+ UJkAJkAx) otherwise,
(hx)j,k
Tl hb x,
Q%) :7/ : M((ha)m)mdx

mj—% h(ﬂ%yk)
—bj ok Aj Az, (ha)jk =0,

W
hj,k

T ((hb)j,k(hz ik — My ((hb)e)j k In (h?,k)

otherwise,
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(2) _
Q\p,j+%,k - /0

Lha)® 4 s((ha) - (ha)Fy )

hy JFs(h +1,k h?k)

[ha]jJr%,k ds

1
) (%E,k + aﬂ-l k) [ha]j-ﬁ-%,kv [h}]q_%,k =0,
s k(“m% g e, (e
=0 e 2, oA
41l
L 1 > otherwise,
%
o (hb) s((hb>j+1,k ~ (b))
Q\I'j+lk:7 [ha]j+%7kds
CAES o AP s(h - b
(bEk + bj+1 x) [ha a1 ks (A1 =0,
hal ((hb)j,k[h]j—f—;,k - h;:,k[hb]ﬁ%,k In (h}ﬁm)
-y s ",
hb|. 1
+ [ ]j+2’k> otherwise,
[h]jJr%,k
E W
4) Us'p + Uil
Q( B+l / jk+3 j+1k ufk)}[ha]j+%,kd‘9:_%[ha’]j+%,k>
E W
5 Vi TV
QEI,?]‘_;'_% / Jk‘f‘s +1k: vy )}[ha}j+%,kdsz_%[ha]j+%,ka
where
— — E(W) E(W)
T )g, b D)k QEW) (ha);y, BW) (hb); i
gk = » Uik = T ) i, = ) 3 = )
M Ok TE 0 kT TR
[h]jJr%,k = h}]YH,k - hEkv [ha]jJr%,k = (ha)ﬂm - (ha)?,kv
[hb]jJr%Jc = (hb)ﬂm - (hb)?:k-

The contribution of the nonconservative terms R(U)U, appearing on the RHS
of (3.4) is obtained in a similar manner and given by
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(1) _ p6) _ p(7) _ p(1) (6) _ p(®
Rj,k - Rj,k - Rj,k - R W5, k+3 R W5 k+ 5 R W5, k+% =0,
—a; k01 BjxAy, (hy)jk =0,
= (((Ba)(hy)sk = Bik((ha)y) (h%)
(2) _ —U',kB',k< : : In d
Ry = P ((hy);, ) hS )
h A
+ ((Ell)ly))jky) otherwise,
y )i,k
—b;k0jk BjrAy, (hy)jk =0,
= (((hD)j(hy)jk — hjkojk Bk <h§qk)
3 a-,kB-,k< RATygk — TIRTIR IR gy (L
RY)=¢ O ((hy)j)? hS
e B g A
W) otherwise,
y )i,k
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szz = —u;k0jk BjrAy, szz = —v; k051 BjrAy,
1

3 (a;\{k + %S',kﬂ) [hb]j,k+%v [h]j,k+% =0,
. ] s ((ha)?{k [ pv1 = hglhalj e s I <hjs',k+1)
Ryjh+y = phts [P 1y 1 hiy
hal ; 1
+ wk_k?) otherwise,
[h]j,kJr%
1
=5 (05 + 05 jos1) (hB]; oy 1 [ k41 =0,
) —[hb]; s ((hb)%[hb’“% bl (hi’”l)
— i+ 1
W k+i T G [h]j’;ﬁ% h?{k
% otherwise,
(] kst
p®  __Loxo sy r®  __LoNs oy
wiirs = 5 Wt WGarn) PPy Rylpin = =5 (Vi +v7ks) h0]jne g,
where
I L)Y SRS (1)) e
aj’k = hN(S) ’ ik hN(S) ) [ ]j,k—&-% k41 T ko

J.k g,k
[hal; iy = (ha)§ i1 — (ha)y, [hb]; oy g == (hb)3 1 — (RD)Ny..

3.3. Numerical examples. In this section, we apply the proposed PCCU
scheme to the 2-D shallow water MHD equations. In all of the examples, the CFL
number is set to n = 0.25 to satisfy the CFL condition in (2.13), and the minmod
parameter is set to # = 1.3.

Ezample 6—Orszag—Tang-like problem. This example, taken from [18, 70], is sim-
ilar to that of the ideal MHD Orszag-Tang problem studied in Example 3.

The shallow water MHD system is considered in the domain [0, 27] % [0, 27] subject
to the periodic boundary conditions in both the x- and y-directions and the following

smooth initial data:
25
—, —siny,sinz, —siny, sin(2$)) :

(howva (o0 = (5

We compute the numerical solution by the proposed PCCU scheme on a uniform
200 x 200 mesh until the final time ¢ = 2. Time snapshots of h and va? + b2 at t =1
and 2 are plotted in Figure 3.1. As one can see, the initially smooth solution breaks
down and develops multiple shock waves, whose interaction leads to the appearance
of many essential features of MHD turbulence. We observe that the obtained results
are in good agreement with those reported in [18, 70].

Ezxample 7—rotor-like problem. Next, we consider a rotor-like problem taken from
[18, 33]. This benchmark, which is an extension of the ideal MHD rotor problem
studied in Example 4, portrays a disk with radius 0.1 of significant fluid depth h
rotating in a magnetic field.

The initial data

10, — 1,0 2 2<0.1
(how, v, ha, hb) = 4 L85 1,0), Va2 432 <0,
(1,0,0,1,0) otherwise
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[bl, 1

FiGc. 3.1. Ezample 6: Fluid thickness h and magnetic field magnitude v/ a? + b2 computed by
the proposed PCCU scheme at t =1 (top row) and 2 (bottom row). 40 equally spaced contours are
used in each plot.

are prescribed in the computational domain [—1,1] x [—1,1], and zero-order extrap-
olation boundary conditions are set along its boundary. The solution computed by
the proposed PCCU scheme on a uniform 200 x 200 mesh at time ¢ = 0.2 is plotted in
Figure 3.2. The obtained results are oscillation-free and overall comparable to those
reported in [18, 33].

Ezxample 8 —ezplosion problem. In the final example, we numerically solve the
explosion problem studied in [33, 59]. This is another benchmark for the shallow
water MHD equations considered subject to the following initial data:

1,0,0,0.1,0), /2% +¢%<0.3,
(hyu, 0,0,)(,4,0) = (& b VIS
(0.1,0,0,1,0)  otherwise.

In this example, we take the computational domain [—1,1] x [—1,1] and implement
the zero-order extrapolation boundary conditions along its boundary.

The solution of the explosion problem consists of a shock traveling away from
the center, a rarefaction wave traveling toward the origin, and two Alfvén waves. We
compute the solution by the proposed PCCU scheme on a uniform 200 x 200 mesh.
The obtained results, shown in Figure 3.3 at ¢ = 0.25, are nonoscillatory and agree
well with the corresponding results in [33, 59].
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-0.5 0 0.5 -0.5 0 0.5

Fic. 3.2. Ezample 7: Fluid thickness h, velocities u and v, and reduced magnetic field compo-
nents a and b computed by the proposed PCCU scheme. 40 equally spaced contours are used in each
plot.

0.5

-0.5 0 0.5 -0.5 0 0.5

Fic. 3.3. Example 8: Fluid thickness h, velocities v and v, and reduced magnetic field compo-
nents a and b computed by the proposed PCCU scheme. 40 equally spaced contours are used in each
plot.
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4. Conclusion. In this paper, we have developed a new second-order unstag-
gered path-conservative central-upwind (PCCU) scheme for the ideal and shallow
water magnetohydrodynamic (MHD) systems. The proposed scheme is (i) locally
divergence-free; (ii) Riemann-problem-solver-free; (iii) high-resolution; (iv) robust;
and (v) nonoscillatory. The derivation of the scheme is based on the Godunov—Powell
nonconservative modifications of the studied MHD systems. The local divergence-free
property is enforced by augmenting the studied systems with the evolution equations
for the corresponding derivatives of the magnetic field components and by using these
evolved quantities in the design of a special piecewise linear reconstruction of the
magnetic field, which also guarantees a nonoscillatory nature of the resulting scheme.
In addition, the proposed PCCU scheme allows for a proper treatment of the noncon-
servative product terms, which takes into account jumps of the normal component of
the magnetic field across cell interfaces, thus providing stability. The performance of
the new scheme has been illustrated on several benchmarks for both ideal and shal-
low water MHD systems, producing high-resolution and oscillation-free results with
positive computed quantities such as density, pressure, and water depth.

In future work, we plan to develop a provably positivity-preserving high-order
PCCU scheme as well as introduce a new well-balanced PCCU scheme for more general
shallow water MHD systems with the nonflat bottom topography and Coriolis forces
taken into account.

Acknowledgment. The authors would like to express their gratitude to Prof.
Vladimir Zeitlin from the Laboratory of Dynamical Meteorology, Sorbonne University,
Ecole Normale Supérieure, CNRS, Paris, for motivating and fruitful discussions.

REFERENCES

[1] S. AHMED AND S. ZIA, The higher-order CESE method for two-dimensional shallow water
magnetohydrodynamics equations, Eur. J. Pure Appl. Math., 12 (2019), pp. 1464-1482.

(2] D. S. BALSARA, Divergence-free reconstruction of magnetic fields and WENO schemes for
magnetohydrodynamics, J. Comput. Phys., 228 (2009), pp. 5040-5056.

[3] D. S. BALSARA, R. KUMAR, AND P. CHANDRASHEKAR, Globally divergence-free DG scheme for
tdeal compressible MHD, Commun. Appl. Math. Comput. Sci., 16 (2021), pp. 59-98.

[4] D. S. BALsARA, T. RuMpPF, M. DUMBSER, AND C.-D. MuNz, Efficient, high accuracy ADER-
WENO schemes for hydrodynamics and divergence-free magnetohydrodynamics, J. Com-
put. Phys., 228 (2009), pp. 2480-2516.

[5] D. S. BALSARA AND D. S. SPICER, A staggered mesh algorithm using high order Godunov fluzes
to ensure solenoidal magnetic fields in magnetohydrodynamic simulations, J. Comput.
Phys., 149 (1999), pp. 270-292.

[6] J. U. BRACKBILL AND D. C. BARNES, The effect of nonzero V - B on the numerical solution of
the magnetohydrodynamic equations, J. Comput. Phys., 35 (1980), pp. 426-430.

[7] M. Brio AND C. C. Wu, An upwind differencing scheme for the equations of ideal magneto-
hydrodynamics, J. Comput. Phys., 75 (1988), pp. 400-422.

[8] M. J. CasTro Dfaz, A. KURGANOV, AND T. MORALES DE LUNA, Path-conservative central-
upwind schemes for monconservative hyperbolic systems, ESAIM Math. Model. Numer.
Anal., 53 (2019), pp. 959-985.

[9] P. CHANDRASHEKAR AND C. KLINGENBERG, Entropy stable finite volume scheme for ideal com-
pressible MHD on 2-D Cartesian meshes, SIAM J. Numer. Anal., 54 (2016), pp. 1313-1340,
https://doi.org/10.1137/15M1013626.

[10] A. J. CHRISTLIEB, J. A. ROSSMANITH, AND Q. TANG, Finite difference weighted essentially
non-oscillatory schemes with constrained transport for ideal magnetohydrodynamics, J.
Comput. Phys., 268 (2014), pp. 302-325.

[11] S. CHuU, A. KURGANOV, AND M. N4, Fifth-order A-WENO schemes based on the path-
conservative central-upwind method, J. Comput. Phys., 469 (2022), 111508.

[12] W. DAI AND P. R. WOODWARD, A simple finite difference scheme for multidimensional mag-
netohydrodynamical equations, J. Comput. Phys., 142 (1998), pp. 331-369.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/15M1013626

Downloaded 07/10/24 to 195.176.96.246 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

A2022

[13] A.

[14] P

[15] P

[16] D.

[17] C.

(18] J.

A. CHERTOCK, A. KURGANOV, M. REDLE, AND K. WU

DEDNER, F. KeEMM, D. KRONER, C.-D. MuNz, T. SCHNITZER, AND M. WESENBERG,
Hyperbolic divergence cleaning for the MHD equations, J. Comput. Phys., 175 (2002),
pp. 645-673.

. J. DELLAR, A note on magnetic monopoles and the one-dimensional MHD Riemann prob-

lem, J. Comput. Phys., 172 (2001), pp. 392-398.

. J. DELLAR, Dispersive shallow water magnetohydrodynamics, Phys. Plasmas, 10 (2003),
pp. 581-590.

DERrIGS, G. J. GASSNER, S. WALCH, AND A. R. WINTERS, Entropy stable finite volume
approzimations for ideal magnetohydrodynamics, Jahresber. Dtsch. Math.-Ver., 120 (2018),
pp. 1563-219.

R. DEVORE, Fluz-corrected transport techniques for multidimensional compressible magne-
tohydrodynamics, J. Comput. Phys., 92 (1991), pp. 142-160.

DUAN AND H. TANG, High-order accurate entropy stable finite difference schemes for the
shallow water magnetohydrodynamics, J. Comput. Phys., 431 (2021), 110136.

[19] M. DUMBSER, D. S. BALSARA, M. TAVELLI, AND F. FAMBRI, A divergence-free semi-implicit

[20] B.
[21] C.
[22] P.

[23] F.

[24] T.
25] P.
[26] S.
[27] S.

28] S.

[29] C.

30] C.

[31] P.

[32] F.

[33] T.

finite volume scheme for ideal, viscous, and resistive magnetohydrodynamics, Internat. J.
Numer. Methods Fluids, 89 (2019), pp. 16-42.

EINFELDT, C.-D. MuNz, P. L. ROE, AND B. SJOGREEN, On Godunov-type methods near low
densities, J. Comput. Phys., 92 (1991), pp. 273-295.

R. Evans AND J. F. HAWLEY, Simulation of magnetohydrodynamic flows: A constrained
transport method, Astrophys. J., 332 (1988), pp. 659-677.

Fu, F. L1, AND Y. XU, Globally divergence-free discontinuous Galerkin methods for ideal
magnetohydrodynamic equations, J. Sci. Comput., 77 (2018), pp. 1621-1659.

G. FucHs, A. D. MCMURRY, S. MisHRA, N. H. RISEBRO, AND K. WAAGAN, Approzimate
Riemann solvers and robust high-order finite volume schemes for multi-dimensional ideal
MHD equations, Commun. Comput. Phys., 9 (2011), pp. 324-362.

A. GARDINER AND J. M. STONE, An unsplit Godunov method for ideal MHD wvia constrained
transport, J. Comput. Phys., 205 (2005), pp. 509-539.

A. GILMAN, Magnetohydrodynamic “shallow water” equations for the solar tachocline,
Astrophys. J. Lett., 544 (2000), pp. L79-L82.

K. GopuNov, Symmetric form of the equations of magnetohydrodynamics, Numer. Methods
Mech. Continuum Medium, 1 (1972), pp. 26-34 (in Russian).

GOTTLIEB, D. KETCHESON, AND C.-W. SHU, Strong Stability Preserving Runge-Kutta and
Multistep Time Discretizations, World Scientific, Hackensack, NJ, 2011.

GoOTTLIEB, C.-W. SHU, AND E. TADMOR, Strong stability-preserving high-order time dis-
cretization methods, STAM Rev., 43 (2001), pp. 89-112, https://doi.org/10.1137/S003614
450036757X.

HeLzen, J. A. ROSSMANITH, AND B. TAETZ, An wunstaggered constrained transport
method for the 3D ideal magnetohydrodynamic equations, J. Comput. Phys., 230 (2011),
pp- 3803-3829.

HEeLZEL, J. A. ROSSMANITH, AND B. TAETZ, A high-order unstaggered constrained-transport
method for the three-dimensional ideal magnetohydrodynamic equations based on the
method of lines, SIAM J. Sci. Comput., 35 (2013), pp. A623-A651, https://doi.org/
10.1137/120870323.

JANHUNEN, A positive conservative method for magnetohydrodynamics based on HLL and
Roe methods, J. Comput. Phys., 160 (2000), pp. 649-661.

KEMM, Roe-type schemes for shallow water magnetohydrodynamics with hyperbolic diver-
gence cleaning, Appl. Math. Comput., 272 (2016), pp. 385-402.

KROGER AND M. LUKACOVA-MEDVIDOVA, An evolution Galerkin scheme for the shallow
water magnetohydrodynamic equations in two space dimensions, J. Comput. Phys., 206
(2005), pp. 122-149.

[34] A. KurcaNov AND C.-T. LIN, On the reduction of numerical dissipation in central-upwind

schemes, Commun. Comput. Phys., 2 (2007), pp. 141-163.

[35] A. KURGANOV, S. NOELLE, AND G. PETROVA, Semidiscrete central-upwind schemes for hyper-

bolic conservation laws and Hamilton—Jacobi equations, SIAM J. Sci. Comput., 23 (2001),
pp. 707-740, https://doi.org/10.1137/S1064827500373413.

[36] A. KUuRGANOV AND G. PETROVA, A second-order well-balanced positivity preserving central-

upwind scheme for the Saint- Venant system, Commun. Math. Sci., 5 (2007), pp. 133-160.

[37] A. KUuRGANOV AND E. TADMOR, New high-resolution central schemes for nonlinear conservation

laws and convection-diffusion equations, J. Comput. Phys., 160 (2000), pp. 241-282.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/S003614450036757X
https://doi.org/10.1137/S003614450036757X
https://doi.org/10.1137/120870323
https://doi.org/10.1137/120870323
https://doi.org/10.1137/S1064827500373413

Downloaded 07/10/24 to 195.176.96.246 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

(38]

(39]
[40]
[41]

42]

[43]

[44]

(45]

[46]

(47]

(48]
[49]

[50]

[51]

(52]

(53]

[54]

[55]

[56]
[57)
(58]
[59]

[60]

[61]

LOCALLY DIVERGENCE-FREE SCHEME FOR MHD SYSTEMS A2023

A. KUurRGANOV AND E. TADMOR, Solution of two-dimensional Riemann problems for gas dy-
namics without Riemann problem solvers, Numer. Methods Partial Differential Equations,
18 (2002), pp. 584-608.

N. LAHAYE AND V. ZEITLIN, Coherent magnetic modon solutions in quasi-geostrophic shallow
water magnetohydrodynamics, J. Fluid Mech., 941 (2022), A15.

F. L1 AND C.-W. SHU, Locally divergence-free discontinuous Galerkin methods for MHD equa-
tions, J. Sci. Comput., 22 (2005), pp. 413-442.

F. L1 anD L. XU, Arbitrary order exactly divergence-free central discontinuous Galerkin meth-
ods for ideal MHD equations, J. Comput. Phys., 231 (2012), pp. 2655-2675.

F. L1, L. Xu, AND S. YAKOVLEV, Central discontinuous Galerkin methods for ideal MHD
equations with the exactly divergence-free magnetic field, J. Comput. Phys., 230 (2011),
pp. 4828-4847.

K.-A. LIE AND S. NOELLE, On the artificial compression method for second-order nonoscillatory
central difference schemes for systems of conservation laws, SIAM J. Sci. Comput., 24
(2003), pp. 1157-1174, https://doi.org/10.1137/S1064827501392880.

M. Liu, M. ZHANG, C. L1, AND F. SHEN, A new locally divergence-free WLS-ENO scheme based
on the positivity-preserving finite volume method for ideal MHD equations, J. Comput.
Phys., 447 (2021), 110694.

Y. Liu, C.-W. SHU, AND M. ZHANG, Entropy stable high order discontinuous Galerkin meth-
ods for ideal compressible MHD on structured meshes, J. Comput. Phys., 354 (2018),
pp. 163-178.

P. LONDRILLO AND L. DEL ZANNA, On the divergence-free condition in Godunov-type schemes
for ideal magnetohydrodynamics: The upwind constrained transport method, J. Comput.
Phys., 195 (2004), pp. 17-48.

S. MISHRA AND E. TADMOR, Constraint preserving schemes using potential-based fluzes. III.
Genuinely multi-dimensional schemes for MHD equations, ESAIM Math. Model. Numer.
Anal., 46 (2012), pp. 661-680.

H. NEsSYAHU AND E. TADMOR, Nonoscillatory central differencing for hyperbolic conservation
laws, J. Comput. Phys., 87 (1990), pp. 408-463.

S. A. Orszac AND C.-M. TANG, Small-scale structure of two-dimensional magnetohydrody-
namic turbulence, J. Fluid Mech., 90 (1979), pp. 129-143.

A. PETROSYAN, D. KLIMACHKOV, M. FEDOTOVA, AND T. ZINYAKOV, Shallow water magneto-
hydrodynamics in plasma astrophysics. Waves, turbulence, and zonal flows, Atmosphere,
11 (2020), 314.

K. G. POWELL, An approzimate Riemann solver for magnetohydrodynamics, in Upwind and
High-Resolution Schemes, M. Y. Hussaini, B. van Leer, and J. Van Rosendale, eds.,
Springer, Berlin, Heidelberg, 1997, pp. 570-583.

K. G. PoweLL, P. L. Rog, T. J. LinpE, T. I. GoMBOSI, AND D. L. DE ZEEuw, A solution-
adaptive upwind scheme for ideal magnetohydrodynamics, J. Comput. Phys., 154 (1999),
pp. 284-309.

K. G. PoweLL, P. L. RoOE, R. S. MyoNG, T. GoMBOSI, AND D. DE ZEEUW, An upwind scheme
for magnetohydrodynamics, in 12th Computational Fluid Dynamics Conference: ATAA
Paper 95-1704-CP, ATAA, 1995, pp. 661-674.

S. QAMAR AND G. WARNECKE, Application of space-time CE/SE method to shallow water
magnetohydrodynamic equations, J. Comput. Appl. Math., 196 (2006), pp. 132-149.

J. A. ROSSMANITH, An unstaggered, high-resolution constrained transport method for magne-
tohydrodynamic flows, SIAM J. Sci. Comput., 28 (2006), pp. 1766-1797, https://doi.org/
10.1137/050627022.

D. Ryu, F. MiniaTi, T. W. JONES, AND A. FRANK, A divergence-free upwind code for multidi-
mensional magnetohydrodynamic flows, Astrophys. J., 509 (1998), pp. 244-255.

P. K. SWEBY, High resolution schemes using fluz limiters for hyperbolic conservation laws,
SIAM J. Numer. Anal., 21 (1984), pp. 995-1011, https://doi.org/10.1137/0721062.

G. TOTH, The V-B =0 constraint in shock-capturing magnetohydrodynamics codes, J. Comput.
Phys., 161 (2000), pp. 605-652.

R. Touma, Unstaggered central schemes with constrained transport treatment for ideal and
shallow water magnetohydrodynamics, Appl. Numer. Math., 60 (2010), pp. 752-766.

K. WaAGAN, C. FEDERRATH, AND C. KLINGENBERG, A robust numerical scheme for highly
compressible magnetohydrodynamics: Nonlinear stability, implementation and tests, J.
Comput. Phys., 230 (2011), pp. 3331-3351.

A. R. WINTERS AND G. J. GASSNER, An entropy stable finite volume scheme for the equations
of shallow water magnetohydrodynamics, J. Sci. Comput., 67 (2016), pp. 514-539.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/S1064827501392880
https://doi.org/10.1137/050627022
https://doi.org/10.1137/050627022
https://doi.org/10.1137/0721062

Downloaded 07/10/24 to 195.176.96.246 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

A2024 A. CHERTOCK, A. KURGANOV, M. REDLE, AND K. WU

[62] K. Wu, Positivity-preserving analysis of numerical schemes for ideal magnetohydrodynamics,
SIAM J. Numer. Anal., 56 (2018), pp. 2124-2147, https://doi.org/10.1137/18M1168017.

[63] K. Wu AND C.-W. SHU, A provably positive discontinuous Galerkin method for multidimen-
sional ideal magnetohydrodynamics, SIAM J. Sci. Comput., 40 (2018), pp. B1302-B1329,
https://doi.org/10.1137/18M1168042.

[64] K. Wu AND C.-W. SHU, Provably positive high-order schemes for ideal magnetohydrodynamics:
Analysis on general meshes, Numer. Math., 142 (2019), pp. 995-1047.

[65] K. WU AND C.-W. SHU, Geometric quasilinearization framework for analysis and design of
bound-preserving schemes, STAM Rev., 65 (2023), pp. 1031-1073, https://doi.org/10.1137/
21M1458247.

[66] Z. Xu, D. S. BALSARA, AND H. Du, Divergence-free WENO reconstruction-based finite volume
scheme for solving ideal MHD equations on triangular meshes, Commun. Comput. Phys.,
19 (2016), pp. 841-880.

[67] S. YakOVLEV, L. XU, AND F. L1, Locally divergence-free central discontinuous Galerkin methods
for ideal MHD equations, J. Comput. Sci., 4 (2013), pp. 80-91.

[68] V. ZEITLIN, Remarks on rotating shallow-water magnetohydrodynamics, Nonlinear Process.
Geophys., 20 (2013), pp. 893-898.

[69] V. ZerTLIN, C. Lusso, AND F. BoucHuUT, Geostrophic vs magneto-geostrophic adjustment and
nonlinear magneto-inertia-gravity waves in rotating shallow water magnetohydrodynamics,
Geophys. Astrophys. Fluid Dyn., 109 (2015), pp. 497-523.

[70] S. Zia, M. AHMED, AND S. QAMAR, Numerical solution of shallow water magnetohydrody-
namic equations with non-flat bottom topography, Int. J. Comput. Fluid Dyn., 28 (2014),
pp- 56-75.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/18M1168017
https://doi.org/10.1137/18M1168042
https://doi.org/10.1137/21M1458247
https://doi.org/10.1137/21M1458247

	Introduction
	Ideal MHD equations
	Governing equations
	Numerical method
	Piecewise linear reconstruction
	One-sided speeds of propagation
	Discretization of the nonconservative products
	Local divergence-free property

	Numerical examples

	Shallow water MHD
	Governing equations
	Numerical method
	Piecewise linear reconstruction
	One-sided speeds of propagation
	Discretization of nonconservative products

	Numerical examples

	Conclusion
	Acknowledgment
	References

